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• Developed a multiscale isogeometric 
topology optimization method for fa
tigue design.

• The proposed framework incorporates 
microscale high-cycle fatigue damage 
constraints.

• Considered lattice materials with addi
tive manufacturing-induced geometric 
defects.

• Enhanced fatigue resistance of struc
tures filled with different defective 
lattices.

• Verified the effectiveness of the frame
work through 2D and 3D numerical 
examples.
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A B S T R A C T

Lattice materials are being widely adopted for cyclic load-bearing applications, such as lattice hip 
implants. However, metal additive manufacturing-induced geometric defects and material im
perfections act as stress raisers, strongly affecting their fatigue resistance. This study optimizes the 
fatigue resistance of structures made of defective lattice materials by introducing a multiscale 
isogeometric topology optimization (MITO) framework, which incorporates microscale fatigue 
damage constraints into the optimization process. The optimization objective is to minimize the 
structural compliance, subject to a global volume constraint and a worst-case microscale fatigue 
damage constraint aggregated via a modified p-norm function. The high-cycle fatigue damage of 
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defective lattice materials is evaluated via the modified Soderberg criterion. To achieve clear and 
well-defined topology boundaries, a Heaviside projection scheme is embedded into the material 
interpolation model based on the solid isotropic material with penalization (SIMP) method. The 
sensitivities of the fatigue damage constraint with respect to the design variables are derived 
using the adjoint method, and the optimization is solved via the Method of Moving Asymptotes 
(MMA). Numerical examples of 2D and 3D benchmark structures with various defective lattice 
materials under different loading amplitudes demonstrate the robustness and effectiveness of the 
proposed method. The framework is further extended to incorporate the modified Goodman 
criterion, verifying its applicability under different fatigue evaluation models. The presented 
method offers an efficient design route for fatigue-resistant optimization of defective lattices.

1. Introduction

Lattice materials can alter and achieve superior properties beyond those of base materials through a rational structural design. They 
offer promising strategies for structural-functional integration and performance enhancement by achieving desirable properties such 
as high specific strength and excellent energy absorption capacity, while minimizing material consumption [1–3]. Lattice materials 
thus have widespread applications in aerospace [4,5], biomedical [6,7], automotive [8], and building [9,10] sectors.

Ongoing advances in additive manufacturing (AM) technologies, such as selective laser melting (SLM), facilitate the fabrication of 
lattice materials [11–13]. For instance, titanium lattice structures fabricated by metal AM have been applied in customized hip im
plants [14]. However, unavoidable process-induced imperfections often result in geometric deviations from the intended design, 
leading to unexpected variations in mechanical and functional performance [15,16]. Notably, such deviations can significantly 
degrade the fatigue performance of lattice structures, primarily due to the pronounced stress concentrations caused by the non-uniform 
material distribution inherent in AM processes [17,18]. For example, considering the periodic nature of human gait, fatigue resistance 
is a critical aspect of lattice hip implants. AM-induced geometric defects and material imperfections, such as surface irregularities and 
internal pores generated via SLM, act as stress raisers, strongly affecting the fatigue resistance of lattice hip implants, posing a potential 
risk for overall structural failure [19]. It is thus essential to incorporate the microscale fatigue behavior of defect-containing lattice 
materials into structural design frameworks.

The high cost of fatigue characterization in terms of time and number of specimens draws towards the development of numerical 
techniques to predict the fatigue behavior and design AM lattice structures. Nevertheless, in comparison to the vast amount of 
literature published on the static mechanical behavior of lattices [20–22], few studies on their fatigue resistance have been published. 
Hedayati et al. [23] described a numerical simulation-based method considering stress concentration factor due to the joints and 
geometrical irregularities (roughness and variations in the cross-section of the cell-walls) to estimate the fatigue life of porous 
structures. Additional multiscale numerical design methods for the fatigue life of defective lattices require further investigation.

Among various structural design strategies, topology optimization (TO) has emerged as an innovative, performance-driven 
methodology for structural design [24–26]. Currently, various TO methods have been developed to address fatigue damage and 
have been successfully applied to structural fatigue-resistant design [27–29]. Existing research in fatigue-constrained topology opti
mization (FCTO) can be broadly categorized into two classes based on the loading conditions: proportional [30] and non-proportional 
loading [31]. Under proportional loading, commonly employed fatigue criteria include the Lemaitre damage law [32], the Crossland 
criterion [33], the Gerber criterion [34], and the Soderberg criterion [35]. For example, Gu et al. [36] introduced an isogeometric 
topology optimization (ITO) framework by means of the Soderberg criterion. Ni et al. [37] applied the Goodman criterion to evaluate 
fatigue damage in microstructures and proposed a bi-scale topology optimization method. For non-proportional loading, most studies 
are on the basis of the Palmgren-Miner linear damage accumulation rule [31] and the Morrow nonlinear fatigue model [38]. Lee et al. 
[39] developed a TO method for fatigue constraints under variable amplitude loading using the Palmgren-Miner rule. Ye et al. [40] 
developed an FCTO method for orthotropic materials under non-proportional cyclic loads. Gu et al. [38] further addressed nonlinear 
fatigue accumulation arising from load interaction using the Morrow criterion. Moreover, FCTO methods have also been applied to 
various structural optimization problems, including AM [41], compliant mechanisms [42], and composite materials [43]. However, 
most existing FCTO methods focus on macrostructural design, with limited attention to integrating microscale fatigue damage within 
the macrostructural optimization framework.

To enhance global structural performance by harnessing capabilities of microstructures, e.g. lattices, the application of multiscale 
topology optimization (MTO) has attracted considerable attention [44,45] in a wide range of sectors, including structural statics [46,
47], heat conduction [48,49], structural dynamics [50,51], and buckling analysis [52,53]. Most MTO methods in literature rely on 
conventional finite element analysis (FEA). Conventional FEA faces inherent limitations in handling complex geometries, maintaining 
inter-element continuity, and achieving accurate interpolation under highly refined meshes. To overcome this deficiency, Hughes et al. 
[54]. introduced the isogeometric analysis (IGA) method, which employs Non-Uniform Rational B-Splines (NURBS) to represent both 
geometry and physical fields within a unified formulation. IGA offers exact geometry representation, superior continuity (e.g. C1, C2), 
and enhanced numerical stability [55], making it particularly well-suited for multiscale analysis of microstructure materials where 
accuracy and smoothness are critical. The IGA-based TO framework for conducting multiscale structural design [56,57], i.e. multiscale 
isogeometric topology optimization (MITO) method, has been developed [58–60].

However, most existing MITO methods neglect geometric imperfections of structures introduced during the manufacturing process. 
While these optimized structures may display good performance under nominal working conditions, they are often susceptible to 
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premature failure when subjected to slight geometric deviations or minor load perturbations, thus limiting their applicability in real- 
world scenarios. In practice, metallic lattice structures fabricated via AM inherently suffer from geometric defects due to process- 
induced inaccuracies, leading to discrepancies between the as-built and as-designed geometries. These defects can dramatically 
alter the local stress distribution within the metallic lattice and consequently degrade its fatigue performance [18,61]. To address such 
issues, studies in literature have incorporated uncertainties in geometry and material properties into the optimization framework to 
enhance the robustness of structural designs [62–64]. However, the impact of AM-induced geometric defects in the metal lattice on 
fatigue damage behavior and their integration into TO models remains unexplored and warrants further investigation.

This study aims to develop an MITO method that incorporates microscale fatigue damage constraints of defective lattice materials, 
specifically targeting high-cycle fatigue life enhancement for structures embedded with predefined lattice configurations. The 
mathematical framework of the MITO is formulated to minimize structural compliance while accounting for both microscale fatigue 
damage and global volume constraints. A worst-case fatigue damage evaluation strategy is employed in conjunction with a modified p- 
norm aggregation function to address the computational complexity arising from extensive microscale constraints. The study presents 
a detailed derivation of the sensitivity analysis for the fatigue damage constraint function. With effectiveness demonstrated through 2D 
and 3D numerical examples, the proposed framework provides a scalable method for integrating microscale fatigue behavior into 
macrostructural topology optimization.

The remainder of the paper is organized as follows. Section 2 presents the fundamental theory of IGA. Section 3 elaborates on the 
IGA-based fatigue damage assessment method for lattice materials. Section 4 presents the mathematical model and implementation 
framework of the proposed MITO method, taking into account the microscale fatigue damage constraints. Section 5 demonstrates the 
effectiveness and feasibility of the proposed method through numerical examples in 2D and 3D. Section 6 concludes this study and 
provides insights into future research.

2. Isogeometric analysis

In this section, the fundamentals of NURBS are briefly reviewed in Section 2.1. In addition, Section 2.2 introduces the IGA theory 
represented by the NURBS, which serves as the analytical foundation for the subsequent multiscale optimization framework.

2.1. NURBS fundamental theory

NURBS is one of the standard tools for curve and surface modeling, and it is widely used in computer-aided design (CAD) and 
computer graphics. It is constructed based on B-spline functions. The 1D B-spline basis function Bi,p(ξ) is defined recursively using the 
Cox-de Boor formula as follows [54,65]: 

Bi,p(ξ) =

{
1, if ξi ≤ ξ < ξi+1

0, otherwise
, for p = 0 (1) 

Bi,p(ξ) =
ξ − ξi

ξi+p − ξi
Bi,p− 1(ξ) +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Bi+1,p− 1(ξ), for p > 0 (2) 

where p is the order, ξi is i-th knot values with i = 1,2, ...,n+ p+ 1, 
[
ξ1, ξn+p+1

]
is a patch, [ξi, ξi+1) is the i-th knot span, and Ξ =

{
ξ1,

ξ2, ..., ξn+p+1

}
denotes a non-decreasing knot vector, which defines the parameter space partitioning for B-spline or NURBS basis 

functions.
By introducing a weighting factor to the B-spline basis functions, the 1D NURBS basis function of order p is defined as: 

Ni,p(ξ) =
Bi,p(ξ)ωi
∑n

j=1
Bj,p(ξ)ωj

(3) 

where ωi denotes the weights.
Furthermore, the NURBS basis function can be extended to 2D space, and is expressed as: 

Nj,q
i,p(ξ, η) = Bi,p(ξ)Bj,q(η)ωi,j

∑n

k=1

∑m

l=1
Bk,p(ξ)Bl,q(η)ωk,l

(4) 

where p and q represent the orders of the B-spline basis functions in the ξ- and η-directions, respectively; ωi,j is the weight value 
corresponding to the tensor product Bi,p(ξ)Bj,q(η), where Bi,p(ξ) and Bj,q(η) are B-spline basis functions defined in the ξ- and η-directions, 
respectively.

A 2D NURBS surface can be constructed by introducing the control point coordinates into Eq. (4), resulting in: 

S(ξ, η) =
∑n

i=1

∑m

j=1
Nj,q

i,p(ξ, η)Pi,j (5) 

J. Gu et al.                                                                                                                                                                                                              Computer Methods in Applied Mechanics and Engineering 457 (2026) 118971 

3 



where Pi,j denotes the coordinates of the control points.

2.2. NURBS-based isogeometric structural mechanical analysis

In conventional FEA, the computational domain is discretized into finite elements, resulting in an approximation of the original 
geometry. This geometric mismatch between the numerical model and the design geometry introduces discretization errors that can be 
alleviated through mesh refinement, albeit at the expense of substantially increased computational cost. In contrast, IGA operates 
directly on the exact NURBS-based geometry of CAD models, thereby eliminating geometric discretization errors [66]. This inherent 
advantage of IGA has been validated in literature [67–69]. Furthermore, IGA ensures higher-order continuity of displacement and 
stress fields across elements, which is particularly beneficial for applications such as structural fatigue analysis, where solution 
smoothness and precision are critical.

In IGA, the NURBS basis functions used for geometric modeling are directly employed as shape functions in numerical analysis. The 
governing equation for linear elastic equilibrium in structural mechanics is given by: 

KU = F (6) 

where K denotes the global stiffness matrix, U is the global displacement vector, and F represents the global load vector. In IGA, the 
expressions for U and K are given by [70]: 

U(ξ, η) =
∑m

i=1

∑n

j=1
Ni,j(ξ, η)ui,j (7) 

K =
∑Ne

e=1
ke =

∑Ne

e=1

∫

Ωe

BT
e D0BedΩ

=
∑Ne

e=1

∫

Ω̂e

BT
e D0Be|J1|dΩ̂ =

∑Ne

e=1

∫

Ωe

BT
e D0Be|J1||J2|dΩ

(8) 

Fig. 1. The spatial mapping relationship for integration in IGA.
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where ui,j is the displacement of the control point, ke is the stiffness matrix of element e, Ne is the total number of elements, Be is the 
constitutive matrix, D0 denotes the elasticity matrix, Ωe is the physical space, Ω̂e is the parameter space, Ωe is the parent space, J1 
denotes the Jacobian matrix mapping from the physical space to the parametric space, while J2 represents the Jacobian matrix 
mapping from the parametric space to the parent space. Their relationship is illustrated in Fig. 1. Additional theoretical details can be 
found in Reference [54].

In 2D IGA framework, the stress components in each element are computed via displacement field. The von Mises equivalent stress 
is derived from the stress components to assess the yielding condition of the material under isotropic assumptions. The element stress 
tensor σe and the corresponding von Mises stress σvM

e are expressed as follows: 

σe = D0Beue =
[

σe,x σe,y σe,xy
]T (9) 

σvM
e =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(σe)
TQσe

√

(10) 

where ue denotes the element displacement vector composed of the displacements of the associated control points, and σe,x, σe,y, σe,xy 

denote the three components of the element stress; Q is the transformation matrix, and its 2D expression is given as: 

Q =

⎡

⎣
1 − 0.5 0

− 0.5 1 0
0 0 3

⎤

⎦ (11) 

3. Fatigue damage analysis of lattice materials based on isogeometric analysis

High-cycle (with loading cycles exceeds 107) fatigue damage occurs at low stress, usually within the material’s elastic range and 
below the yielding stress. Therefore, high-cycle fatigue analysis is generally formulated based on linear elastic theory and the structure 
experiences negligible plastic deformation throughout its service life. This section focuses on the theoretical formulation of lattice 
material fatigue analysis in the framework of linear elastic IGA. Section 3.1 describes the modified Soderberg criterion, which is widely 
used in evaluating fatigue safety in the elastic domain. Section 3.2 outlines a homogenization-based multiscale framework for fatigue 
analysis of lattice materials, providing a foundation for incorporating multiscale fatigue damage constraints into the MITO method. 
Section 3.3 designs lattice materials considering additive manufacturing defects and calculates the corresponding homogenized ma
terial properties.

3.1. Soderberg criterion

Fig. 2(a) illustrates a proportional cyclic load, and the resulting stress state evolution is shown in Fig. 2(b). Under proportional 
cyclic loading, the stress state at any location in the structure is defined as follows: 

⎧
⎪⎨

⎪⎩

σa
e =

(σe)max − (σe)min
2

σm
e =

(σe)max + (σe)min
2

(12) 

where σa
e is the stress amplitude, σm

e is the mean stress, (σe)max and (σe)min represent the maximum and minimum stresses under cyclic 
loading, respectively.

Fig. 2. The proportional cyclic load history: (a) load and (b) stress.
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Within the linear elastic regime, the stress amplitude and mean stress can be computed from the maximum (or minimum) load 
results by introducing appropriate scaling factors [34,71]. Accordingly, the stress amplitude vector and the mean stress vector are 
given as follows: 

{
σa

e = caσe

σm
e = cmσe

(13) 

where ca and cm are the scaling factors for stress amplitude and mean stress, respectively. For linear elasticity problems, the formulas 
for ca and cm are as follows: 

⎧
⎪⎪⎨

⎪⎪⎩

ca =
1 − (Fmin/Fmax)

2

cm =
1 + (Fmin/Fmax)

2

(14) 

As defined in Eq. (10), the equivalent stress amplitude σa,vM
e and mean stress σm,vM

e for element e are calculated adopting the von 
Mises stress criterion, as follows: 

⎧
⎨

⎩

σa,vM
e =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σa

e
)TQσa

e

√

σm,vM
e =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σm

e
)TQσm

e

√ (15) 

In literature, several classical models are widely used to evaluate uniaxial high-cycle fatigue damage, including the Gerber, 
Goodman, ASME Elliptic, and Soderberg criteria [34,35,72]. Among these, the Soderberg criterion is the most conservative, imposing 
the strictest constraints on allowable stress combinations. In contrast, the other three criteria allow for a broader design domain, which 
generally results in a reduced safety margin. To account for all potential damage scenarios in a conservative manner, the Soderberg 
criterion is adopted in this study: 

DSB
e =

σa,vM
e
σNf

+
σm,vM

e
σy

≤ 1 (16) 

where σy denotes the yield tensile stress and σNf represents the stress amplitude below which a metallic material is expected to 
withstand an infinite number of loading cycles without failure. The stress σNf can be estimated using the Basquin equation, which 
characterizes the S-N relationship (where S refers to the stress amplitude and N is the number of cycles to failure) [38]: 

σNf = σʹ
f
(
2Nf

)b (17) 

where σʹ
f is the fatigue strength coefficient, Nf is the number of load reversals, and b is the fatigue strength exponent of the material.

It is worth noting that metallic materials are generally resistant to fatigue damage under compressive stress, as compression tend to 
suppress crack initiation and propagation. However, when compressive stresses become significant, structural yielding may occur, 
necessitating the special consideration of cases where the mean stress is negative (i.e., dominated by compressive loading). Taking 
these factors into account, the fatigue constraint of the modified Soderberg criterion is reformulated as follows [30]: 

DSB
e =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σa,vM
e
σNf

+
σm,vM

e
σy

≤ 1, σm,vM
e ≥ 0

σa,vM
e
σy

−
σm,vM

e
σyc

≤ 1, σm,vM
e ≤

(
σNf

σy
− 1
)

σyc

σa,vM
e
σNf

≤ 1,
(

σNf

σy
− 1
)

σyc < σm,vM
e < 0

(18) 

where σyc represents the yield compressive stress of the material.
Since the von Mises stress is always non-negative, it cannot directly distinguish between tensile and compressive loading condi

tions. To this end, the sign of the maximum absolute principal stress is adopted to determine whether the external loading is in tension 
or compression. Accordingly, the signed von Mises mean stress is reformulated as follows: 

σm,vM
e = sign ·

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σm

e
)TQσm

e

√

(19) 

where “sign” denotes the sign function, which takes a value of 1 for tensile stress (|σm
e,1| ≥ |σm

e,3|) and − 1 for compressive stress 
(|σm

e,1| < |σm
e,3|), σm

e,1 and σm
e,3 are the sorted principal mean stresses. The fatigue diagram corresponding to the above fatigue constraints 

is illustrated in Fig. 3. The region satisfying the aforementioned constraints (defined by the combination of stress amplitude and mean 
stress) is referred to as the safe region. This was not considered in our previous studies [36], which, in contrast, the mean stresses 
calculated by the von Mises stress method equivalent were directly applied to the evaluation of the modified Soderberg criterion, 
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resulting in a very conservative design for structural optimization.

3.2. Fatigue damage analysis of lattice materials

To evaluate the fatigue damage of lattice materials, it is necessary to analyze both the effective material properties of the lattice 
structure and the equivalent mechanical response of the macroscale structure at the onset. The homogenization method has been 
widely employed to compute the effective material properties of lattices [73]. In this manner, the macroscopic effective elasticity 
tensor DH

ijkl of a lattice representative unit cell (RUC) can be determined as follows [74,75]: 

DH
ijkl =

1
|Y|

∫

Y

(
ε0(ij)

pq − ε∗(ij)pq

)
Dpqrs

(
ε0(kl)

rs − ε∗(kl)
rs
)
dY (20) 

where |Y| denotes the RUC volume and ε0(kl)
rs represents the prescribed macroscopic strain fields. The corresponding locally oscillating 

strain fields, denoted as ε∗(kl)
rs , are defined as follows: 

ε∗(kl)
rs = εrs

(
ukl) =

1
2

(
ukl

r,s + ukl
s,r

)
(21) 

where ukl denotes the displacement field, which can be obtained by solving the following governing equation: 
∫

Y
Dijrsεij(v)εrs

(
ukl)dY =

∫

Y
Dijrsεij(v)ε0(kl)

rs dY,∀v ∈ Y (22) 

where v is a virtual displacement field. By virtue of the above homogenization method, the effective elasticity matrix DH
e of the 

macroscale element e can be determined.
Meanwhile, according to Eq. (8), the global stiffness matrix K incorporating lattice material properties can be reformulated as 

follows: 

K=
∑Ne

e=1

∫

Ωe

BT
e DH

e Be|J1||J2|dΩ (23) 

Furthermore, from Eq. (9), the displacement and strain fields of the macroscale element can be obtained. Accordingly, the 
microscopic stress field σmi

ij within the RUC can be derived as: 

σmi
ij = Dijrs

(
ε0(kl)

rs − ε∗(kl)
rs
)
εma(kl) (24) 

where εma(kl) is the macroscopic strain. The microscopic stress field of the lattice material can be reformulated as: 
⎧
⎨

⎩

σmi
ij = σʹ

ijklεma(kl)

σʹ
ijkl = Dijrs

(
ε0(kl)

rs − ε∗(kl)
rs
) (25) 

where σʹ
ijkl represents the characteristic micro-scale stress field obtained under the influence of the imposed trial strain field ε0

rs in the 

RUC, while εmi(kl) = ε0(kl)
rs − ε∗(kl)

rs represents the microscopic strain field.
The stress vector σmi

e,mie of the mie-th microscopic subunit of the lattice material corresponding to the e-th macroscale element is 
expressed as: 

Fig. 3. Modified Soderberg fatigue diagram.
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σmi
e,mie = D0εmi

e,mieεma
e , e = 1,2, ...,Ne;mie = 1, 2, ...,Nmie (26) 

σmi
e,mie =

[
σʹ

mie,xxεma
e,xx σʹ

mie,yyεma
e,yy σʹ

mie,xyεma
e,xy
]T (27) 

where εmi
e,mie denotes the strain field of the mie-th microscale element, while εma

e represents the strain field of the e-th macroscale 
element, and εma

e,xx, εma
e,yy, εma

e,xy denote the macroscale element strain components. Nmie is the total number of microscale elements into 
which each macroscale element is discretized.

In this study, the von Mises stress is employed to evaluate material failure at the microscale, expressed as: 

σvMmi
e,mie =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

σmi
e,mie

)T
Qσmi

e,mie

√

(28) 

The stress amplitude and mean stress vectors for the mie-th microscale element within the e-th macroscale element are defined as: 
⎧
⎨

⎩

σmi,a
e,mie = caσmi

e,mie

σmi,m
e,mie = cmσmi

e,mie

(29) 

The equivalent stress amplitude σmi,a,vM
e,mie and mean stress σmi,m,vM

e,mie for mie-th microscale element of the e-th macroscale element can 
thus be calculated as: 

⎧
⎪⎨

⎪⎩

σmi,a,vM
e,mie = ca

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

σmi
e,mie

)T
Qσmi

e,mie

√

σmi,m,vM
e,mie = sign · cm

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

σmi
e,mie

)T
Qσmi

e,mie

√ (30) 

Therefore, the governing equation based on the modified Soderberg criterion for each microscale element within the macroscale 
element is given by: 

DSB
e,mie =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σmi,a,vM
e,mie

σNf
+

σmi,m,vM
e,mie

σy
≤ 1, σmi,m,vM

e,mie ≥ 0

σmi,a,vM
e,mie

σy
−

σmi,m,vM
e,mie

σyc
≤ 1, σmi,m,vM

e,mie ≤

(
σNf

σy
− 1
)

σyc

σmi,a,vM
e,mie

σNf
≤ 1,

(
σNf

σy
− 1
)

σyc < σmi,m,vM
e,mie < 0

(31) 

3.3. Lattice materials with additive manufacturing-induced defects

AM processes can introduce significant deviations between the designed geometry and the as-manufactured metallic lattice 
structures (see Fig. 4), which has a detrimental influence on desired mechanical and functional performance [16–18,64,76]. These 
geometric discrepancies are particularly pronounced along different printing directions, due to the inherent material deposition 
nonuniformity, an intrinsic anisotropic characteristic of lattice architecture [17,76].

According to the findings reported in [76], structures fabricated via SLM exhibit multiple kinds of manufacturing-induced de
viations at the junctions, including parasitic masses, stepped features on diagonal struts, and thickness non-uniformity along the struts 

Fig. 4. Schematic comparison between the initial lattice design and the as-manufactured structure fabricated via selective laser melting.
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(see Fig. 5). In particular, struts lying within the printing plane (0◦) tend to suffer from excessive melting, resulting in manufactured 
dimensions that are larger than the intended design. As the printing angle increases, the extent of over-melting decreases, and the strut 
dimensions gradually shift. For struts oriented perpendicular to the printing plane (90◦), the fabricated dimensions are generally 
smaller than the design specifications.

To reveal the influence of defects on the effective mechanical properties of lattices, several lattice concepts with intentional 
geometric defects were designed (Fig. 6), referring to the typical geometric deviations observed in AM processes and the experimental 
study of SLM-induced errors [76]. The geometric defects are explicitly governed by directional rules and bounding parameters with 
respect to the nominal strut thickness t. First, localized material accumulation predominantly occurs at horizontal struts and re-entrant 
joints, which is modeled with a maximum positive spatial deviation bound of up to +Δtmax = t. Second, vertical or steeply inclined 
struts typically experience more severe under-melting, characterized by a negative spatial deviation down to -Δtmin = 0.5t. Finally, 
structural boundaries within these defined envelopes are randomly perturbed to capture the realistic surface roughness. These explicit 
bounding parameters and phenomenological rules define the core generation logic of all defective microstructures evaluated herein. 
Subsequently, the effective mechanical properties of these imperfect lattice structures were evaluated using the homogenization 
method. Fig. 6 presents the lattice RUCs and their mechanical responses visualized through corresponding elastic curves.

Notably, in actual SLM 3D printing processes, geometric defects (such as surface roughness and local thickness variations) appear 
stochastically and are highly irregular. Therefore, the specific defective lattice configurations adopted in this study serve as repre
sentative benchmark models to rigorously verify the effectiveness and robustness of the proposed optimization method under severe 
geometric perturbations. In practical applications, realistic geometric defects (e.g., extracted from CT scans) can be directly implanted 
into the proposed framework to achieve fatigue-resistant optimization of lattice materials, accounting for actual manufacturing im
perfections. Finally, to ensure strict reproducibility of the current numerical results, the exact geometric CAD models of these defective 
lattices are provided as supplementary files (refer to Appendix B).

4. MITO method considering fatigue damage of lattice materials

This section proposes an MITO method for constraining fatigue damage of lattice materials. The optimization objective is to 
minimize the compliance of the macrostructure, subject to two constraints: 1) limiting the fatigue damage within microscale elements, 
and 2) controlling the total material volume to remain within a specified fraction. The material distribution is optimized exclusively at 
the macroscale, while the geometric configuration of the lattice material is predetermined and remains invariant throughout the 
optimization process. Section 4.1 presents the complete mathematical formulation of the MITO problem considering fatigue damage of 
lattice materials. Section 4.2 introduces the material interpolation scheme based on the solid isotropic material with penalization 
(SIMP) method, along with the Heaviside projection technique to improve boundary clarity. Section 4.3 details the theoretical 
framework for implementing worst-case fatigue damage constraints, which effectively captures the potential maximum microscale 
fatigue damage of the lattice material during the optimization. In Section 4.4, the sensitivity analysis equations corresponding to the 

Fig. 5. Schematic of geometric deviation induced by SLM [76]: (a) schematic of the initial designed spider web, (b) schematic of the spider web 
fabricated by SLM, and (c) analysis of strut thickness errors (fitting curve).

J. Gu et al.                                                                                                                                                                                                              Computer Methods in Applied Mechanics and Engineering 457 (2026) 118971 

9 



worst-case microscale fatigue damage constraints for lattice materials are derived, thereby providing a rigorous foundation for 
gradient-based optimization algorithms.

4.1. Optimization problem formulation

In this study, the relative density of each element is represented by the density value at its centroid, which is obtained through 
interpolation of the NURBS basis functions associated with the control points. The corresponding mathematical formulation of the 
MITO problem is expressed as follows: 

find : ρ
min : c(ρ) = UT

1KU1

s.t.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

KU1 = Fmax,KU2 = Fmin

DSB
e,mie ≤ 1

V(ρ) =
∑Ne

e=1
ρevevmi ≤ VF

ρe =
∑n

i=1

∑m

j=1
Nj,q

i,p(ξe, ηe)ρ̂
i,j
e

e = 1, 2, ...,Ne;mie = 1,2, ...,Nmie

0 < ρmin ≤ ρi,j
e ≤ 1; i = 1, 2, ..., n; j = 1, 2, ...,m

(32) 

where c(ρ) is the structural compliance, U1 denotes the global displacement vector resulting from the maximum load vector Fmax, while 
U2 corresponds to the global displacement vector induced by the minimum load vector Fmin, V(ρ) denotes the overall structural 
volume, which accounts for the contributions from the embedded lattice material, ρe and ve denote the relative density and volume of 
macro element e, respectively, vmi is the volume of the unit cell structure, VF is the prescribed total volume fraction, ρi,j

e is the relative 
density of the control points of element e, (ξe, ηe) denotes the coordinates in the parametric domain, ̂ρi,j

e represents the projected density 
associated with the control point, ρmin is a small nonzero density assigned to void regions to ensure the numerical stability of the 
stiffness matrix during the optimization process, n and m are the number of control points in the ξ and η directions, respectively.

4.2. Material interpolation scheme and Heaviside projection

To optimize the spatial distribution of lattice materials on macroscopic scales, the MITO framework employs the SIMP method to 
define the relative density interpolation model [77]. The optimization focuses solely on the material layout at the macroscale, while 

Fig. 6. Different lattice materials and their corresponding equivalent properties.
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the lattice configurations are predetermined to optimization. Each macroscale element is treated as a design variable associated with a 
corresponding macro-element. Accordingly, the interpolation of the effective elasticity matrix of the macrostructure, determined by 
the embedded lattice materials, is given by the following expression: 

Dma
e = (ρe)

ςDH
e (33) 

where ς is a penalty factor, typically set to 3 to obtain a clear black-and-white solution.
By the implementation of the aforementioned material interpolation scheme, the interpolated element stiffness matrix kma

e and the 
objective function c(ρ) are expressed as follows: 

kma
e =

∫

Ωe

BT
e Dma

e Be|J1||J2|dΩ (34) 

c(ρ) = UT
1KU1 =

∑Ne

e=1
(ue)

T
1kma

e (ue)1 (35) 

where (ue)1 denotes the displacement vector of element e induced by the maximum load vector Fmax.
In this investigation, the Heaviside projection function is employed to project the control point densities, aiming to reduce the 

presence of gray elements in the optimized results [78]. The corresponding mathematical formulation is: 

ρ̂i,j
e =

tanh(βα) + tanh
(
β
(
ρi,j

e − α
))

tanh(βα) + tanh(β(1 − α)) (36) 

where β controls the curvature of the smoothed projection, while α is a threshold parameter that drives the density value toward either 
0 or 1. In general, α is set to 0.5.

4.3. Fatigue damage constraints of lattice materials considering worst-case

In MITO, the design domain is discretized into a large number of NURBS elements, each corresponding to an RUC structure, 
consisting of a multitude of microscale elements. Imposing fatigue damage constraints on each microscale element will significantly 
increase the computational workload and may exceed the capabilities of gradient-based nonlinear optimization algorithms. To address 
this challenge, a worst-case analysis method is adopted to reduce the number of constraints [79,80]. Here, we only constrain the 
maximum fatigue damage observed among the microscale elements in each macroscale element. This strategy ensures the safety of the 
lattice material under extreme loading conditions while maintaining computational efficiency. Accordingly, the fatigue damage 
constraint for the most critical microscale element in macroscale element e is defined as follows: 

max
mie

(
DSB

e,mie

)
≤ 1 (37) 

Derived from Eqs. (28)-(31), the above constraint can be reformulated as follows: 

max
(

DSB
e,mie

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max

(
σmi,a,vM

e,mie

σNf
+

σmi,m,vM
e,mie

σy

)

≤ 1, σmi,m,vM
e,mie ≥ 0

max

(
σmi,a,vM

e,mie

σy
−

σmi,m,vM
e,mie

σyc

)

≤ 1, σmi,m,vM
e,mie ≤

(
σNf

σy
− 1
)

σyc

max

(
σmi,a,vM

e,mie

σNf

)

≤ 1,
(

σNf

σy
− 1
)

σyc < σmi,m,vM
e,mie < 0

(38) 

In the above derivations of Eqs. (28) and (30), the evaluation of the maximum fatigue damage within the lattice material is 

equivalent to determining the maximum microscale von Mises stress, max
(

σvMmi
e,mie

)
. Therefore, to address the worst-case fatigue damage 

scenario, Eq. (26) can be reformulated as follows: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σmi
e,mie = D0εmi

e,mieεma
e = D0εmi

e,mie
(
DH

e
)− 1σma

e = D0εmi
e,mie(D0)

− 1σma,0
e

σma
e = DH

e εma
e

σma,0
e = D0εma

e

(39) 

By introducing Eq. (39), Eq. (28) can be equivalently transformed into the following form: 
⎧
⎪⎨

⎪⎩

σvMmi
e,mie =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σma,0

e
)TMmieσma,0

e

√

Mmie =
(

D0εmi
e,mie(D0)

− 1
)T

QD0εmi
e,mie(D0)

− 1
(40) 
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The maximum von Mises stress among the microscale elements within the macroscale element e is given by: 

max
mie

(
σvMmi

e,mie

)2
= max

mie

(
ϑ2

e
)

(41) 

where ϑ2
e denotes the largest eigenvalue of matrix 

(
r− 1)TMmier− 1, and rTr = Q.

Therefore, the maximum von Mises stress among the microscale elements within the e-th macroscale element can be computed as: 

max
(

σvMmi
e,mie

)
: σvMmi

e = ϑe

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σma,0

e
)TQσma,0

e

√

(42) 

where ϑe denotes the stress amplification factor for the e-th macroscale element, which is defined as the ratio of the maximum von 
Mises stress within the microscale elements to the von Mises stress of the corresponding macro element. The stress amplification factor 
reveals the influence of local stress concentrations at the microscale on the macrostructural response, playing a critical role in the 
fatigue-constrained MITO method.

Eventually, the fatigue damage constraint equation based on the modified Soderberg criterion, applied to the most critical (worst- 
case) microscale element within each macroscale element, is reformulated as follows: 

max
(

DSB
e,mie

)
: DSB

e =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

caσvMmi
e

σNf
+

sign · cmσvMmi
e

σy
≤ 1, σmi,m,vM

e,mie ≥ 0

caσvMmi
e

σy
−

sign · cmσvMmi
e

σyc
≤ 1, σmi,m,vM

e,mie ≤

(
σNf

σy
− 1
)

σyc

caσvMmi
e

σNf
≤ 1,

(
σNf

σy
− 1
)

σyc < σmi,m,vM
e,mie < 0

(43) 

This method ensures the lattice structure embedded within the macroscale element remains within safe fatigue limits under the 
most severe loading conditions.

Similar to stress constraints, fatigue damage constraints in topology optimization also involve a large number of conditions [38,81,
82], making the explicit enforcement of each constraint computationally impractical. To alleviate heavy numerical computations 
caused by a large number of fatigue-related constraints, a p-norm aggregation function is employed as an approximation. The 
expression is defined as follows: 

DSB
pn =

(
∑Ne

e=1

(
DSB

e
)δ
)1/δ

≤ 1 (44) 

where δ is the p-norm coefficient.
To effectively apply local fatigue damage constraints, we adopt the modified p-norm method proposed by Le et al. [83] as an 

alternative to the conventional p-norm method. This enhanced technique incorporates scaling with respect to the results of previous 
optimization iterations, thereby achieving a more accurate approximation in maximum stress. In addition, it significantly mitigates 
numerical oscillations during the iterative process. The expression of the modified p-norm function is given as follows: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

DSB
pn ≈ χIDSB

pn ≤ 1

χI = φI
max

((
DSB

e
)I− 1)

(
DSB

pn

)I− 1 +
(
1 − φI)χI− 1,φI ∈ (0,1]

(45) 

where χI represents the scaling factor in the I-th iteration, 
(

DSB
pn

)I− 1 
is the p-norm value of structural damage from the (I - 1)-th 

iteration, and max
((

DSB
e
)I− 1)

denotes the maximum structural damage value in the (I - 1)-th iteration. If oscillations are detected 

during the optimization process, the parameter φI is chosen between 0 and 1; otherwise, φI is set to 1. As the number of optimization 

iterations increases, the fatigue damage constraint function gradually converges, resulting in 
(

DSB
pn

)I
≈
(

DSB
pn

)I− 1 
and 

max
((

DSB
e
)I)

≈ max
((

DSB
e
)I− 1)

. Eventually, the constraint function converges, satisfying χIDSB
pn ≈ max

((
DSB

e
)I)

. Further details on the 

modified p-norm method refer to [83,84].
Furthermore, the optimization of fatigue damage constraints encounters challenges similar to those in stress-constrained optimi

zation, such as the occurrence of singular solutions and nonlinear behaviors. To address these issues, a relaxation method [85,86] is 
employed, which introduces a penalization of the stress term in Eq. (42). The relaxed stress is expressed as: 

σe = ργ
eσma,0

e = ργ
eD0εma

e = ργ
eD0Be(ue)1 (46) 

where γ is the relaxation factor, which is typically set to 0.5.
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4.4. Sensitivity analysis

In this study, a gradient-based optimization algorithm, specifically the Method of Moving Asymptotes (MMA) [87,88], is employed 
to solve the MITO problem that incorporates microscale fatigue damage constraints for lattice materials. The effectiveness of MMA is 
critically dependent on the accurate evaluation of sensitivities for both the objective and constraint functions with respect to the design 
variables. Since the sensitivity analysis of the compliance objective and the volume constraint has been extensively documented in 
previous literature, these derivations are not reiterated here. For completeness, the corresponding expressions are provided in 
Appendix A. Accordingly, this section focuses on deriving the sensitivity expression of the worst-case microscale fatigue damage 
constraint for lattice materials, which is formulated using the modified p-norm function. Based on the chain rule, the first-order 
sensitivity can be expressed as follows: 

∂DSB
pn

∂ρi,j
e

=
∂DSB

pn

∂DSB
pn

∂DSB
pn

∂DSB
e

∂DSB
e

∂σvMmi
e

∂σvMmi
e

∂σe

∂σe

∂ρe

∂ρe

∂ρ̂i,j
e

∂ρ̂i,j
e

∂ρi,j
e

(47) 

where the expressions ∂D
SB
pn

∂DSB
pn 

and ∂DSB
pn

∂D
SB
e 

are provided by Eq. (45): 

∂DSB
pn

∂DSB
pn

= χI (48) 

∂DSB
pn

∂DSB
e

=

(
∑Ne

e=1

(
DSB

e
)δ
)1/δ− 1

(
DSB

e
)δ− 1

(49) 

The term ∂D
SB
e

∂σvMmi
e 

is defined according to Eq. (43), as follows: 

∂DSB
e

∂σvMmi
e

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ca

σNf
+

sign · cm

σy
, σmi,m,vM

e,mie ≥ 0

ca

σy
−

sign · cm

σyc
, σmi,m,vM

e,mie ≤

(
σNf

σy
− 1
)

σyc

ca

σNf
,

(
σNf

σy
− 1
)

σyc < σmi,m,vM
e,mie < 0

(50) 

According to Eq. (42), the expression for ∂σvMmi
e
∂σe 

is derived as: 

∂σvMmi
e

∂σe
= ϑe

1
2σvMmi

e

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2σma,0
e,x − σma,0

e,y

2σma,0
e,y − σma,0

e,x

6σma,0
e,xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(51) 

Based on Eq. (46), the expression for ∂σe
∂ρe 

is given by: 

∂σe

∂ρe
= γργ− 1

e D0Be(ue)1 + ργ
eD0Be

∂(ue)1

∂ρe
(52) 

In this context, ∂(ue)1
∂ρe

, which denotes the derivative of the displacement field with respect to the elemental density variable, is 

generally unknown. An adjoint method is employed to circumvent the direct computation of ∂(ue)1
∂ρe

. According to Eqs. (6), (8), and (34), 
the corresponding adjoint equation can be formulated as: 

∂kma
e

∂ρe
(ue)1 + kma

e
∂(ue)1

∂ρe
= 0 (53) 

where ∂kma
e

∂ρe 
is derived according to Eq. (34): 

∂kma
e

∂ρe
= ς(ρe)

ς− 1
∫

Ωe

BT
e DH

e Be|J1||J2|dΩ (54) 

According to Eqs. (32) and (36), the expressions for quantities ∂ρe

∂̂ρ
i,j
e 

and ∂̂ρ
i,j
e

∂ρi,j
e 

are derived as: 

∂ρe

∂ρ̂i,j
e

=
∑n

i=1

∑m

j=1
Nj,q

i,p(ξe, ηe) (55) 
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∂ρ̂i,j
e

∂ρi,j
e
=

β
(
sech

(
β
(
ρi,j

e − α
)))2

tanh(βα) + tanh(β(1 − α)) (56) 

To compute the unknown derivative term ∂(ue)1
∂ρe 

in the governing equations, an adjoint vector is introduced, resulting in the 
following formulation: 

∂DSB
pn

∂ρi,j
e

= Ae

(

Ce

(

γργ− 1
e D0Be(ue)1 + ργ

eD0Be
∂(ue)1

∂ρe

)

+ (λe)
T
(

Ge(ue)1 +kma
e

∂(ue)1
∂ρe

))

He (57) 

where Ae, Ce, Ge and He are expressions as follows: 

Ae = χI

(
∑Ne

e=1

(
DSB

e
)δ
)1/δ− 1

(
DSB

e
)δ− 1

(58) 

Ce =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
ca

σNf
+

cm

σy

)
ϑe

2σvMmi
e

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2σma,0
e,x − σma,0

e,y

2σma,0
e,y − σma,0

e,x

6σma,0
e,xy

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, σmi,m,vM
e,mie ≥ 0

(
ca

σy
−

sign ⋅ cm

σyc

)
ϑe

2σvMmi
e

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2σma,0
e,x − σma,0

e,y

2σma,0
e,y − σma,0

e,x

6σma,0
e,xy

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, σmi,m,vM
e,mie ≤

(
σNf

σy
− 1
)

σyc

(
ca

σNf

)
ϑe

2σvMmi
e

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2σma,0
e,x − σma,0

e,y

2σma,0
e,y − σma,0

e,x

6σma,0
e,xy

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

(
σNf

σy
− 1
)

σyc < σmi,m,vM
e,mie < 0

(59) 

Ge = ς(ρe)
ς− 1
∫

Ωe

BT
e DH

e Be|J1||J2|dΩ (60) 

He =
∑n

i=1

∑m

j=1
Nj,q

i,p(ξe, ηe)
β
(
sech

(
β
(
ρi,j

e − α
)))2

tanh(βα) + tanh(β(1 − α)) (61) 

Eq. (57) is reformulated accordingly as: 

∂DSB
pn

∂ρi,j
e

= Ae
(
Ceγργ− 1

e D0Be(ue)1 +(λe)
TGe(ue)1 +

(
Ceργ

eD0Be +(λe)
Tkma

e
) ∂(ue)1

∂ρe

)

He (62) 

In order to eliminate the unknown derivative term ∂(ue)1
∂ρe 

in Eq. (62), the following procedure is adopted. Simultaneously, the adjoint 
vector λe is obtained. 

Ceργ
eD0Be + (λe)

Tkma
e = 0 (63) 

λe =
(
− Ceργ

eD0Be
(
kma

e
)− 1
)T

(64) 

Eventually, the first-order sensitivity equation of the worst-case microscale fatigue damage constraint for lattice materials, based on 
the modified p-norm formulation, is derived as follows: 

∂DSB
pn

∂ρi,j
e

= Ae
( (

Ceγργ− 1
e D0Be(ue)1 +(λe)

TGe(ue)1
)
He (65) 
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5. Numerical examples

In this section, several numerical examples are applied to demonstrate the effectiveness of the proposed MITO method that ac
counts for microscale fatigue damage of defective lattice materials. The overall implementation workflow is illustrated in Fig. 7. The 
convergence criterion is defined such that the change in the objective function is less than 0.001. In the numerical implementation, a 
steel is adopted as the base material, whose mechanical properties are listed in Table 1 [71]. The material is assumed to be isotropic 
and to exhibit linear elastic behavior throughout the analysis. The design domains for 2D and 3D structures are discretized using 
quadratic NURBS-based quadrilateral and hexahedral elements, respectively. The effective material properties of the macroscopic 
elements are evaluated via the homogenization method, employing a 100× 100 microscale discretization for the 2D example and a 
30× 30× 30 microscale discretization for the 3D example. The initial density of each microscale element is set to 1.0, and the move 
limit in the MMA is specified as 0.02 to ensure stable convergence. Relevant optimization parameters used in the MITO framework are 
provided in Table 2. All examples are performed on a computer workstation equipped with an Intel® Core™ i7–13620H processor (2.4 
GHz, 10 cores, 16 threads, 32 GB RAM), and the implementation is carried out in MATLAB® 2024b.

5.1. Example 1: cantilever beam

In the first example, a cantilever beam is employed to investigate the influence of geometric defects in lattice materials on the MITO 
results. Fig. 8 presents the design domain and boundary conditions of the beam. The left end of the beam is fully fixed, while a cyclic 
(fatigue) load is exerted at the central point of the right end cross-section along the negative y-axis with maximum and minimum loads 
of 38 N and 20 N, respectively. To explore the impact of different lattice configurations, three lattice concepts, as shown in Fig. 6
(including both as-designed and defective lattices), are adopted as the infill materials. The macro domain is discretized into 8192 
elements, with a total volume fraction constraint of 0.3.

Fig. 9 presents the optimization results of the cantilever beam examples. The damage contours represent the maximum fatigue 
damage values within each micro-lattice unit cell. Fig. 10 illustrates the modified Soderberg diagrams associated with each instance, 
providing insight into the fatigue behavior under varying microstructural conditions. The convergence histories of the topology 
optimization for cantilever beams filled with designed and defective lattices are shown in Figs.11 and 12, respectively. A summary of 
the structural compliance, maximum von Mises stress, and maximum fatigue damage for each condition is provided in Table 3.

In this example, it is evident that variations in the underlying micro-lattice material significantly influence the resulting topology. 
As shown in Fig. 9(a), the optimized topology exhibits noticeable asymmetry, which is attributed to the intrinsic structural asymmetry 
of designed lattice 1, leading to material anisotropy. In contrast, Fig. 9(b) and (c) exhibit substantial symmetry in the optimized 
layouts, which is attributed to the geometrical symmetry of the designed Lattices 2 and 3. A clear distinction can also be observed when 

Fig. 7. Implementation flowchart of the proposed MITO method considering microscale fatigue damage of defective lattice materials.
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comparing Fig. 9(d–f), which represent results obtained using defective lattices, with their designed counterparts in Fig. 9(a–c). 
Notably, the presence of geometric defects introduces substantial asymmetries in the topologies indicated in Fig. 9(e) and (f). From a 
structural mechanics perspective, the topological evolution observed in the defective lattice models represents an adaptive mechanism 
to counteract structural weakening. In the ideal model, the topology establishes direct and efficient load transfer paths. However, upon 
the introduction of manufacturing defects, both structural stiffness and load-bearing capacity are compromised. To compensate for this 
overall degradation, the optimization yields distinct topological configurations. Unlike the ideal case, which relies on minimal 
branching structures, the defective topology tends to retain auxiliary bracing struts. This introduces structural redundancy, ensuring 
that alternative load paths are available to prevent catastrophic failure in the event of local yielding caused by defects. These findings 
underscore the critical role that geometric defects in lattice materials contribute to altering the structural layout during the optimi
zation process. It is therefore essential to account for such manufacturing-induced imperfections in topology optimization to ensure 
structural safety and load-bearing ability.

Furthermore, considering AM-induced defects in optimization results in a steep increase in compliance, with respective increases of 
23.14%, 22.16%, and 23.89% compared to their designed lattice counterparts. Geometrical irregularities also lead to elevated 
maximum stress levels, with increases of 6.30%, 40.94%, and 68.97%, respectively. Consequently, the maximum fatigue damage 

Table 1 
Material properties of a steel.

Material property Value

Young's modulus E0 210 GPa
Poisson's ratio υ 0.3
Fatigue strength coefficient σʹ

f 593 MPa
Fatigue strength exponent b − 0.086
The number of load reversals Nf 107

Yield tensile stress σy 240 MPa
Yield compressive stress σyc 240 MPa
Ultimate stress σut 358 MPa

Table 2 
Optimization parameters for the proposed MITO method.

Parameter Value

Order of NURBS basis functions 2
Density penalty factor ς 3
p-norm coefficient δ 12
Stress relaxation factor γ 0.5
Maximum iteration step 300

Fig. 8. Design domain and boundary conditions of the cantilever beam, along with different micro lattice materials.
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Fig. 9. Comparison of optimization results of the cantilever beam filled with designed and defective lattice materials: (a)-(c) designed lattices, and 
(d)-(f) defective lattices.

Fig. 10. Comparison of the modified Soderberg diagrams for the cantilever beam filled with designed and defective lattice materials: (a) designed 
lattice 1, (b) designed lattice 2, (c) designed lattice 3, (d) defective lattice 1, (e) defective lattice 2, and (f) defective lattice 3.
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values increase by 9.40%, 41.50%, and 47.07% for lattices 1, 2, and 3, respectively. These quantitative results highlight the detri
mental effects of geometric imperfections on the fatigue performance of lattice-based structures. If ideal lattice designs are considered 
during fatigue-resistant optimization, the real AM-ed structure may suffer premature fatigue failure in service. Therefore, it is 
imperative to incorporate manufacturing-induced geometric defects into the structural design process to ensure accurate performance 
prediction and robust optimization.

It is worth noting that the selection of the p-norm coefficient δ is critical for balancing approximation accuracy and numerical 
stability. We therefore adopted distinct p-norm values δ ∈ {4, 8, 12, 16, 20} to analyze the fatigue damage aggregation behavior. By 
tracing the evolution of designed lattice 3 and defective lattice 3, we compared the aggregated p-norm values against the explicit 
maximum fatigue damage to identify the optimal parameter.

Figs.13 and 15 illustrate the final topological layouts for the designed and defective lattice 3, respectively. In the case of designed 
lattice materials, the optimized topologies remain topologically consistent for aggregation parameters δ ≤ 12. However, for δ > 12, 
substantial topological deviations and symmetry breaking are observed. This behavior is attributed to the severe nonlinearity and 
numerical ill-conditioning induced by high δ values, which exacerbate the non-convexity of the problem and trap the optimizer in 
asymmetric local minima. In contrast, the defective lattice materials display a high sensitivity to δ, with the topology evolving 
significantly as the parameter varies. This suggests that the complex stress fields induced by defects necessitate a more adaptive to
pological distribution. Moreover, the defective models consistently demonstrate inferior mechanical performance relative to the 
designed models. Specifically, at δ = 12, the compliance deteriorates from 1.369 N⋅mm to 1.696 N⋅mm, and the maximum fatigue 
damage surges from 0.546 to 0.803. These findings quantitatively underscore the critical influence of manufacturing-induced geo
metric defects on degrading structural stiffness and fatigue durability.

To verify the accuracy of the aggregation function, Figs. 14 and 16 further compare the evolution of the p-norm approximation 
against the actual maximum fatigue damage throughout the optimization history for both lattice types. At δ = 4, there is a significant 
deviation (gap) between the aggregated p-norm value and the actual maximum damage, indicating a large approximation error. As δ 
increases to 8 and 12, the p-norm curve rapidly approaches the maximum value curve. For δ > 12 (e.g., δ = 16, 20), the two curves 
almost completely overlap, implying that the p-norm effectively captures the maximum constraint behavior. Further increasing δ yields 
negligible accuracy gains (diminishing returns). Specifically for the lattice fatigue damage constraints considered in this study, the 
results confirm that δ = 12 offers the optimal trade-off, ensuring high fidelity in damage approximation without inducing the nu
merical ill-conditioning characteristic of larger δ values.

Fig. 11. Iteration histories of the cantilever beam filled with designed lattice materials: (a) designed lattice 1, (b) designed lattice 2, and (c) 
designed lattice 3.
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Fig. 12. Iteration histories of the cantilever beam filled with defective lattice materials: (a) defective lattice 1, (b) defective lattice 2, and (c) 
defective lattice 3.

Table 3 
Comparison of compliance, maximum von Mises stress, and maximum fatigue damage of the cantilever beam filled with designed and defective lattice 
materials.

Micro lattice Lattice No. Compliance (N⋅mm) Max. stress (MPa) Max. damage

Designed lattice 1 1.716 219.269 0.914
2 1.489 128.494 0.624
3 1.369 113.306 0.546

Defective lattice 1 2.113 233.075 1.000
2 1.819 181.102 0.883
3 1.696 191.458 0.803

Fig. 13. Influence of the p-norm coefficient δ on the final topological layouts of the cantilever beam filled with the designed lattice 3.
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5.2. Example 2: L-shaped beam

To evaluate the effectiveness of the proposed MITO framework incorporating microscale fatigue damage for lattice materials, the 
classical L-shaped beam problem is employed as a benchmark. For comparison, a traditional stress-constrained optimization method is 

Fig. 14. Comparison of the p-norm approximation and the actual maximum fatigue damage throughout the optimization history for the cantilever 
beam filled with the designed lattice 3, under different aggregation parameters: (a) δ = 4, (b) δ = 8, (c) δ = 12, (d) δ = 16, and (e) δ = 20.

Fig. 15. Influence of the p-norm coefficient δ on the final topological layouts of the cantilever beam filled with the defective lattice 3.

Fig. 16. Comparison of the p-norm approximation and the actual maximum fatigue damage throughout the optimization history for the cantilever 
beam filled with the defective lattice 3, under different aggregation parameters: (a) δ = 4, (b) δ = 8, (c) δ = 12, (d) δ = 16, and (e) δ = 20.
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also implemented, with the maximum allowable stress set to a yield strength of σy = 240MPa. Fig. 17 illustrates the dimensions of the 
design domain and the applied boundary conditions. The applied external load is directed along the negative y-axis, with the maximum 
and minimum load magnitudes of 33 N and 6 N, respectively. In this example, three distinct microscale lattice configurations are 
employed as the infill material for the macrostructure. The macro domain is discretized using 10,608 elements, and the total volume 
fraction is limited to 0.2.

As shown in Fig. 18, varying the lattice structure type significantly alters the final optimized layout, even when the same opti
mization method is employed. The material distribution obtained by the fatigue-constrained method differs considerably from that of 
the stress-constrained method under identical micro lattice materials. Specifically, the fatigue-based method yields a smoother fillet at 
the corner of the L-shaped beam (Fig. 18(a–c)). This material layout is intended to alleviate stress concentrations, thereby avoiding 
excessive local stresses or damage in the micro lattice structure and satisfying fatigue constraints. In contrast, due to the relatively 
relaxed nature of stress constraints, the optimized structures obtained using the stress-constrained method exhibit less pronounced 
smoothing at the corner regions (see Fig. 18(d–f)). Additionally, the modified Soderberg criterion diagrams shown in Fig. 19 further 
illustrate this distinction. The structures optimized with fatigue constraints strictly maintain all stress states within the modified 
Soderberg safe domain. In contrast, the stress-constrained designs exhibit regions that violate the safety boundary, indicating a higher 
risk of fatigue failure during long-term service. These visual distinctions are quantitatively supported by the data summarized in 
Table 4. Compared to the stress-constrained method, the fatigue-constrained method significantly reduces the maximum stress in the 
structures by 18.26%, 32.28%, and 24.57% for the three defective lattice configurations, respectively. This improvement in fatigue 
performance comes at the expense of increased structural compliance, with corresponding increases of 9.08%, 17.10%, and 12.80%, 
respectively. Finally, the iteration histories (Figs. 20 and 21) confirm that both the fatigue-constrained and stress-constrained methods 
exhibit stable convergence behavior, successfully yielding these well-defined topologies.

Furthermore, the re-entrant corner of the L-shaped beam represents a typical stress concentration region where the force flow 
undergoes an abrupt change in direction. Both optimized designs exhibit curved features at the corner, guiding the stress flow strictly 
along the curvature to prevent stress concentration. Notably, compared to the stress-constrained design, the topology under fatigue 
constraints (Fig. 18(a–c)) evolves into a smoother and more rounded fillet. This further mitigates the detrimental effects of stress 
concentration. This geometric adaptation confirms that the proposed method goes beyond merely suppressing numerical peak stress 
values; it fundamentally optimizes the structural form to align with the principles of fracture mechanics.

In summary, under the same volume fraction constraint, the proposed method in this study yields structures with superior fatigue 
resistance compared to those obtained through conventional stress-based optimization method.

5.3. Example 3: simply supported structure

In the third example, the simply supported structure is employed to investigate the influence of different fatigue loading conditions 
on the optimization results. Fig. 22 displays the design domain and boundary conditions of the simply supported structure. In this 
example, defective lattices 2 and 3 are employed as the microscale infill materials for the simply supported structure. The cyclic 
(fatigue) load is applied at the midpoint of the bottom edge of the structure. Different load amplitudes are listed in Table 5. It is worth 
noting that in Case 1, the maximum and minimum load values are identical, representing a static loading scenario. The macro design 
domain is discretized using 8192 elements. During the optimization process, a total volume fraction constraint of 0.2 is imposed.

The results in Figs. 23–26, and Table 6 demonstrate that both loading conditions and micro defective lattice materials have a 
significant impact on the resulting optimized topology. For the same micro defective lattice, as the minimum load Fmin decreases, the 
overall fatigue damage within the structure increases. This trend is also reflected in Table 6, which reports an increase in maximum 
damage values. In the contour plots (see damage distribution in Figs. 23 and 25), this manifests as an expansion of high-damage regions 

Fig. 17. Design domain and boundary conditions of the L-shaped beam, along with different defective lattice materials.
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(i.e., larger colored areas and fewer blue zones), indicating that increased load amplitudes lead to greater fatigue-induced damage.
Meanwhile, Figs. 24 and 26 illustrate that the optimized structures successfully satisfy the fatigue constraints under various loading 

scenarios. As Fmin decreases, the points in the modified Soderberg diagrams shift progressively toward the vertical axis, which rep
resents alternating stress. This observation highlights the increasing influence of alternating stress in fatigue-dominated structural 
design. Of particular note are Cases 1 and 5, which represent two extreme loading scenarios. In Case 1, where Fmin = Fmax, the structure 
is subject to purely static loading, and all points in the modified Soderberg diagram lie along the mean stress axis. In contrast, Case 5 
corresponds to fully reversed loading, where Fmin = − Fmax, and the design points cluster around the amplitude stress axis.

These findings underscore the significant role of load amplitude in MITO with lattice material infill. When designing fatigue- 

Fig. 18. Optimization results of the L-shaped beam with different methods and defective lattice materials: (a)-(c) fatigue constrained optimized 
results, and (d)-(f) stress constrained optimized results.
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resistant structures, it is crucial to account for the effects of varying load amplitudes on fatigue damage evolution to ensure robust and 
reliable performance over the service life.

5.4. Example 4: double L-shaped beam

To evaluate the applicability of the presented MITO method under different fatigue criteria, the modified Goodman criterion [34] is 
adopted in this section as an alternative fatigue constraint. The classical double L-shaped beam is selected as the benchmark problem, 
and its design domain, boundary conditions are illustrated in Fig. 27. Similarly, defective lattices 2 and 3 are used as the microscale 
infill materials for the double L-shaped beam. Identical loads are applied at both ends of the double L-shaped beam, acting in the 
negative y-direction, with a maximum load of 56 N and a minimum load of 16 N. The macro domain of the double L-shaped beam is 
discretized into 5304 elements. The total volume fraction constraint is set to 0.3 during the optimization process.

The fatigue diagram corresponding to the modified Goodman criterion is shown in Fig. 28. When the modified Goodman criterion is 
adopted as the fatigue constraint, the optimization problem presented in Section 4.1 can be reformulated as follows: 

Fig. 19. Comparison of modified Soderberg diagrams for the L-shaped beam optimized with different methods and defective lattice materials: (a)-(c) 
fatigue-constrained designs; (d)-(f) stress-constrained designs; (a), (d) with defective lattice 1; (b), (e) with defective lattice 2; and (c), (f) with 
defective lattice 3.

Table 4 
Comparison of compliance, maximum von Mises stress, and maximum fatigue damage of the L-shaped beam using different methods and defective 
lattice materials.

Micro lattice Method Compliance (N⋅mm) Max. stress (MPa) Max. damage

Defective lattice 1 Fatigue 5.250 195.898 1.004
Stress 4.813 239.672 1.292

Defective lattice 2 Fatigue 5.313 162.255 0.791
Stress 4.537 239.588 1.292

Defective lattice 3 Fatigue 4.838 181.140 0.976
Stress 4.289 240.140 1.295
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where DGD
e,mie denotes the fatigue damage of the microscale element within the macroscale element, evaluated according to the 

Goodman criterion. Its expression is given as follows: 
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where σyc represents the yield compressive stress of the material.
It is worth noting that the fatigue constraint formulation based on the modified Goodman criterion follows the same treatment as 

Fig. 20. Iteration histories of the L-shaped beam under the fatigue-constrained optimization: (a) defective lattice 1, (b) defective lattice 2, and (c) 
defective lattice 3.
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Fig. 21. Iteration histories of the L-shaped beam under the stress-constrained optimization: (a) defective lattice 1, (b) defective lattice 2, and (c) 
defective lattice 3.

Fig. 22. Design domain and boundary conditions of the simply supported structure, along with different defective lattice materials.
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that used for the modified Soderberg criterion. Since the sensitivity expression derived from the modified Goodman criterion is 
analogous to that of the modified Soderberg-based formulation, it is omitted here for brevity. Additionally, the parameter settings for 
both fatigue criteria remain consistent throughout the optimization process.

It is observed from Figs. 29–32 and Table 7 that both fatigue-constrained methods yield well-defined topological layouts, yet they 
exhibit distinct differences in both material distribution and overall mechanical performance. Specifically, the optimized structures 
based on the modified Soderberg criterion exhibit relatively higher values of fatigue damage, as indicated by the larger extent of 
colored (high-damage) regions and reduced low-damage (blue) zones. In contrast, the structures optimized under the Goodman cri
terion tend to show milder damage distributions. This distinction reflects the more conservative nature of the modified Soderberg 
criterion, which enforces stricter fatigue safety margins in the design process. Moreover, for the defective lattices 2 and 3, the 
structures optimized under the modified Goodman criterion exhibited a reduction in compliance by 0.54% and 3.87%, respectively, 
indicating an increase in overall stiffness. However, this stiffness enhancement was accompanied by an increase in maximum von 

Table 5 
Different load amplitudes for the simply supported structure.

Micro lattice Case Load amplitude (N)

Defective lattices 2 and 3 1 Fmax = 60N,Fmin = 60N
2 Fmax = 60N,Fmin = 30N
3 Fmax = 60N,Fmin = 0N
4 Fmax = 60N,Fmin = − 30N
5 Fmax = 60N,Fmin = − 60N

Fig. 23. Optimization results of the simply supported structure filled with the defective lattice 2.
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Mises stress by 1.73% and 8.03%, respectively, which in turn compromised the fatigue resistance of the structures.
As shown in the fatigue damage diagrams (see Figs. 30 and 32), it can be seen that all design points (defined by the combination of 

mean stress and stress amplitude) remain strictly within the safe domain enclosed by the red boundary of the modified Soderberg 
diagram for structures optimized under the modified Soderberg criterion. For the Goodman-based designs, all stress points are con
tained within the corresponding safe domain defined by the blue Goodman boundary. However, some of these points may fall outside 
the modified Soderberg safe domain, highlighting that the Goodman criterion permits slightly higher fatigue risk in certain regions. 
This observation confirms that modified Soderberg-based optimization leads to more conservative designs compared to those based on 
the Goodman criterion, which is consistent with the mathematical formulation and graphical representation of the two criteria (see 
Figs. 3 and 28).

This example indicates that while both fatigue criteria can effectively guide the MITO process, they offer varying degrees of 
conservatism. The choice between them should therefore be informed by the safety requirements and fatigue sensitivity of the specific 
engineering application.

5.5. Example 5: 3D cantilever beam

In the fifth example, a 3D cantilever beam optimization problem is considered to assess the feasibility and effectiveness of the 
proposed MITO method in solving 3D structural optimization problems. The design domain, boundary conditions, and the employed 
3D lattice materials are illustrated in Fig. 33. To comprehensively verify the feasibility of the proposed method for 3D problems, the 3D 
cantilever beam is optimized using three different lattice configurations: the 3D designed lattice, 3D defective lattice 1, and 3D 
defective lattice 2. The 3D cantilever beam is subjected to a maximum load of 42 N and a minimum load of 7 N, both applied in the 
negative z-direction. The macrostructure is discretized using 6250 elements. The total volume fraction constraint of 0.2 is limited. 
Additionally, the p-norm coefficient is set to δ = 8. The rationale behind this parameter selection lies in the trade-off between 
approximation accuracy and convergence behavior. In 3D scenarios, stronger nonlinearities necessitate a smaller δ to ensure stable 
convergence.

Fig. 34(a–c) illustrate the optimized macroscale topological layouts. The observed topologies derived from the designed lattice and 
the two defect lattice models exhibit differences. To compensate for the degraded stiffness and load-bearing capacity of the defective 
microstructures, the optimizer autonomously redistributes the material, noticeably thickening the primary load-bearing members (e. 
g., the lower curved boundaries in Fig. 34(b) and (c)) and creating more robust 3D load transfer paths.

The effectiveness of the fatigue constraint is validated through the damage distributions (Fig. 34(d–f)) and the corresponding 

Fig. 24. Modified Soderberg diagrams of the simply supported structure filled with the defective lattice 2: (a) Case 1, (b) Case 2, (c) Case 3, (d) Case 
4, and (e) Case 5.
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modified Soderberg diagrams (Fig. 34(g–i)). Despite the severe stress concentrations inherently caused by the microscale defects, the 
maximum fatigue damage in all three scenarios is strictly controlled below the critical threshold of 1.0. These results confirm the 
feasibility and robustness of the proposed method for fatigue-resistant design of 3D defective lattice structures.

The results are further corroborated by the quantitative comparisons summarized in Table 8. The introduction of microscale defects 
inevitably deteriorates the overall structural performance. Compared to the ideal design (Compliance = 0.600 N⋅mm), the structures 
filled with defective lattice 1 and defective lattice 2 exhibit higher compliances of 0.723 N⋅mm and 0.741 N⋅mm, respectively. 
Similarly, the maximum microscale fatigue damage escalates from 0.621 in the ideal model to 0.912 and 0.864 in the defective models. 
These metrics quantitatively underscore the detrimental impact of manufacturing defects on macroscopic stiffness and durability, 
highlighting the critical necessity of integrating explicit defect models into the multiscale optimization loop to ensure genuine 
structural safety.

6. Conclusions

In this work, an MITO method considering microscale fatigue damage constraints of defective lattice materials is presented. An 
IGA-based computational procedure was established for evaluating the microscale fatigue damage of lattices. Afterwards, an MITO 
model incorporating fatigue damage constraints is formulated. The cantilever beam example highlights the critical importance of 
incorporating lattice defects into the optimization framework. The optimized structures derived from defective lattices show notably 
inferior fatigue performance compared to those based on damage-free lattice configurations. The effectiveness of the proposed method 
is demonstrated through an L-shaped beam example, which shows superior fatigue resistance compared to traditional stress- 
constrained optimization. The influence of different fatigue loading amplitudes is further investigated using the simply supported 
structure filled with different defective lattice materials. Moreover, the developed framework is extended to incorporate the modified 

Fig. 25. Optimization results of the simply supported structure filled with the defective lattice 3.
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Goodman criterion, and its applicability under various fatigue assessment models is validated through the double L-shaped beam 
example. At the end, the feasibility of the method in solving 3D structural optimization problems is demonstrated using a 3D cantilever 
beam example.

However, the presented method still has certain limitations that require further investigation. Primarily, the assumption of 
idealized, deterministic geometric deviations represents a notable limitation for the practical applications of the proposed framework. 
Since real-world defects in SLM additive manufacturing exhibit strong stochasticity and spatial variability, relying solely on deter
ministic models cannot completely capture the statistical complexity of actual printed components. To bridge this gap in practical 
applications, future research could construct a spatially varying stochastic defect database calibrated by experimental data (e.g., CT 
scan results). By evaluating the equivalent properties of these statistically calibrated unit cells, realistic localized properties can be 
directly fed into the proposed framework without altering its core optimization mechanism. Beyond the application to defect 
modeling, the framework’s applicability to more challenging engineering scenarios could be enhanced by incorporating cumulative 
fatigue damage under complex, non-proportional multiaxial loading conditions. Finally, in algorithmic terms, the current optimization 
relies on a predefined and invariant lattice material configuration. While this decoupled strategy significantly reduces computational 
costs, it restricts the potential for the microstructure to adapt locally to manufacturing defects. Future work should address this by 

Fig. 26. Modified Soderberg diagrams of the simply supported structure filled with the defective lattice 3: (a) Case 1, (b) Case 2, (c) Case 3, (d) Case 
4, and (e) Case 5.

Table 6 
Comparison of compliance, maximum von Mises stress, and maximum fatigue damage of the simply supported structure under different load cases 
and defective lattice materials.

Micro lattice Case Compliance (N⋅mm) Max. stress (MPa) Max. damage

Defective lattice 2 1 0.827 171.319 0.714
2 0.768 193.236 0.805
3 0.851 158.850 0.569
4 0.726 186.212 1.000
5 0.819 139.669 1.000

Defective lattice 3 1 0.744 182.200 0.759
2 0.770 165.559 0.690
3 0.819 169.822 0.608
4 0.733 169.625 0.911
5 0.778 139.635 1.000
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Fig. 27. Design domain and boundary conditions of the double L-shaped beam, along with different defective lattice materials.

Fig. 28. Modified Goodman fatigue diagram.

Fig. 29. Optimization results of the double L-shaped beam filled with the defective lattice 2.
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implementing concurrent multiscale topology optimization. Such an integrated approach allows the lattice topology itself to evolve in 
response to defect-induced stress concentrations, thereby unlocking the full potential of defect-tolerant design.
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Fig. 30. Damage diagrams of the double L-shaped beam filled with the defective lattice 2: (a) modified Soderberg criterion, and (b) modified 
Goodman criterion.

Fig. 31. Optimization results of the double L-shaped beam filled with the defective lattice 3.

Fig. 32. Damage diagrams of the double L-shaped beam filled with the defective lattice 3: (a) modified Soderberg criterion, and (b) modified 
Goodman criterion.

Table 7 
Comparison of compliance, maximum von Mises stress, and maximum fatigue damage of the double L-shaped beam under different fatigue criteria 
and defective lattice materials.

Micro lattice Fatigue criterion Compliance (N⋅mm) Max. stress (MPa) Max. damage

Defective lattice 2 Modified Soderberg 1.841 226.495 1.000
Modified Goodman 1.840 230.421 1.003

Defective lattice 3 Modified Soderberg 1.706 212.832 0.999
Modified Goodman 1.640 229.917 1.000
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Fig. 33. Design domain and boundary conditions of the 3D cantilever beam, along with different micro lattice materials.

Fig. 34. Optimization results of the 3D cantilever beam filled with different micro lattice materials: (a)-(c) topologies; (d)-(f) damage distributions; 
and (g)-(i) modified Soderberg diagrams. The results correspond to structures composed of the 3D designed lattice (left column), 3D defective lattice 
1 (middle column), and 3D defective lattice 2 (right column), respectively.

Table 8 
Comparison of compliance, maximum von Mises stress, and maximum fatigue damage of the 3D cantilever beam filled with different micro lattice 
materials.

Micro lattice Compliance (N⋅mm) Max. stress (MPa) Max. damage

3D designed lattice 0.600 114.728 0.621
3D defective lattice 1 0.723 168.523 0.912
3D defective lattice 2 0.741 159.626 0.864
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Appendix A. Sensitivity analysis of the objective and volume constraint functions

The objective function of this study is to minimize the compliance of the macrostructure. The corresponding first-order sensitivity 
expression with respect to the design variables is given as follows: 
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where ∂c(ρ)
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can be derived from Eqs. (32) and (23), as follows: 
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The expression for ∂ρe
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can be found in Eq. (61). Accordingly, the first-order sensitivity of the objective function with respect to 

the design variables is given by: 
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Similarly, the first-order sensitivity of the volume constraint function with respect to the design variables is given by: 
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Appendix B. Defective lattice geometry files

The geometric models of the 2D and 3D defective lattices are provided as supplementary files to ensure reproducibility.

Data availability

Data will be made available on request.
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