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Abstract
The iterative process of nonlinear analysis in topology optimization leads to high computational cost. To improve efficiency 
and convergence, a common strategy is to use a finer mesh for design and a coarser mesh for analysis. Coarse analysis 
meshes offer three key advantages: (1) faster convergence, (2) reduced computational time per iteration, and (3) lower risk 
of mesh distortion. However, the resolution mismatch can result in non-physical discontinuous material distributions within 
analysis elements, exhibiting characteristics of numerical artifacts of material discontinuities (i.e., QR-patterns). Multireso-
lution schemes, which decouple the design and analysis discretizations, can alleviate the above issues. To fully exploit the 
advantages of multiresolution schemes, we propose an h-refinement-based automated adaptive resolution method within the 
framework of isogeometric analysis. In this approach, an objective-based QR-patterns detection algorithm is activated during 
the convergence phase of the optimization. If QR-patterns are identified, the analysis mesh is automatically refined, thereby 
achieving an improved balance between accuracy and efficiency. Moreover, we propose a self-adjusting barrier regularization 
method that is particularly effective for large deformations and multiresolution meshes. This method automatically imposes 
penalties to resist mesh distortion, and further improving computational efficiency. Numerical results demonstrate that, 
compared to fixed-resolution strategies, the proposed adaptive framework achieves a superior trade-off between accuracy 
and cost. An additional contribution is a manufacturing-friendly post-processing strategy based on NURBS representation, 
enabling direct export of editable CAD models. Several numerical examples highlight the method’s advantages in terms of 
computational efficiency, geometric fidelity, and stability under large-deformation conditions.

Keywords  Adaptive resolution · Self-adjusting barrier regularization · Nonlinear · Isogeometric topology optimization · 
Post-processing

1  Introduction

1.1 � Nonlinear topology optimization: necessity, 
computational burden, and mesh distortion

Topology optimization (TO) is a powerful structural design 
method that determines the optimal material distribu-
tion within a given design domain to maximize system Responsible Editor: Xiaojia Shelly Zhang.
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performance under specific constraints. While traditional 
TO has achieved significant success in linear elastic regimes 
under small-deformation assumptions, modern high-per-
formance structures often exhibit geometric and material 
nonlinearity (Bodaghi et al. 2024), especially in emerging 
applications like 4D-printed soft systems (Zolfagharian 
et al. 2020; Tian et al. 2022) that undergo large deforma-
tions. In such contexts, traditional linear elastic topology 
optimization can produce designs that perform poorly or 
even fail when subjected to real nonlinear behavior. Incor-
porating nonlinear finite deformation mechanics (e.g., 
finite-strain hyperelastic material models (Han et al. 2024, 
2025)) into topology optimization is therefore essential to 
accurately capture phenomena like dramatic shape changes, 
stress stiffening or softening, and material yielding. Early 
pioneering works extended topology optimization to geo-
metrically nonlinear regimes, demonstrating that consider-
ing large-deformation effects yields more reliable compliant 
mechanism designs and robust structures. For instance, Buhl 
et al. (2000) included incremental geometric nonlinearity in 
stiffness design, and Bruns and Tortorelli (2001) introduced 
a framework for nonlinear elastic materials. These studies 
confirmed that nonlinear topology optimization (TO) can 
produce fundamentally different (and more accurate) opti-
mal layouts compared to linear formulations, particularly for 
applications requiring extensive flexibility or soft material 
response.

However, the inclusion of nonlinear analysis drastically 
increases the computational burden (Yin et al. 2025).  Each 
design iteration entails solving a nonlinear finite element 
analysis (FEA), typically requiring iterative Newton–Raph-
son equilibrium solves and possibly multiple load increments 
for convergence. This is far more time-consuming than a 
single linear solve per iteration. Consequently, scalability 
emerges as a major challenge: high-resolution designs with 
nonlinear FEA can be prohibitively expensive. Research-
ers have proposed various strategies to mitigate this cost. 
Some approaches reduce the number of design variables or 
use coarse surrogate models (Behrou et al. 2021; Li et al. 
2022), while others develop specialized solvers and continu-
ation schemes for the nonlinear state equation (Träff et al. 
2023; Gomes and Senne 2014). Nonetheless, fully resolving 
fine-scale topology details under nonlinear physics remains 
computationally intensive.

Another difficulty in nonlinear TO is maintaining solution 
stability and accuracy in the presence of large deformations. 
As the structure deforms significantly, the finite element 
mesh can suffer severe mesh distortion (element skewing 
or even inversion), especially in regions that become nearly 
void or extremely thin. This distortion can cause numeri-
cal ill-conditioning or failure in the analysis (Scherz et al. 
2024). Methods to cope with this include adaptive re-mesh-
ing (Schillinger et al. 2012), element deletion (Bruns and 

Tortorelli 2003), or adding stabilization terms (Bluhm et al. 
2021; Frederiksen et al. 2025). For example, van Dijk et al. 
(2014) introduced an element deformation scaling technique 
to improve robustness of geometrically nonlinear analysis in 
TO. Likewise, Lahuerta et al. (2013) proposed stabilization 
schemes for low-density elements under large strain. Wang 
et al. (2014) proposed an energy interpolation method to 
prevent excessive deformation caused by insufficient stiff-
ness in low-density regions. These techniques seek to pre-
vent the unintended collapse of nearly empty elements that 
could otherwise lead to singular stiffness matrices or non-
convergent simulations. Even with such measures, achieving 
convergence in nonlinear TO can be delicate, often requir-
ing careful load stepping and damping, which further con-
tributes to the computational cost. Recently, we (Li et al. 
2025a, b) proposed a Jacobian-based barrier regularization 
method that, from a geometric perspective, regulates the 
Jacobian of element mappings to improve mesh quality, 
offering a new approach to address mesh distortion under 
large deformations.

In recent years, isogeometric analysis (IGA) has emerged 
as a valuable tool to address some of these challenges in 
TO. IGA uses smooth spline-based basis functions (e.g., 
NURBS) for FEA, unifying the CAD geometry and analy-
sis model (Hughes et al 2005; Cottrell et al. 2009). Building 
on this integration of design and analysis, researchers have 
explored extensions of IGA to shape optimization (Wang 
et al. 2017) and, more importantly, to topology optimization, 
which has led to the development of isogeometric topol-
ogy optimization (ITO) (Wang et al. 2018; Gao et al. 2020). 
Since its inception, ITO has evolved rapidly. Early founda-
tional works established the framework using trimmed sur-
faces (Seo et al. 2010) and density fields in B-spline space 
(Qian 2013). More recently, the scope of ITO has been sig-
nificantly broadened to handle complex engineering chal-
lenges, such as multipatch cellular structures using Nitsche’s 
method (Gao et al. 2023), aerodynamic optimization of thin 
shells via T-splines (Zhang et al. 2025), and particle flow 
problems using the isogeometric material point method 
(Lin et al. 2025). Specifically for nonlinear TO, IGA offers 
distinct advantages: smooth basis functions better capture 
large deformations, and simple h-refinement facilitates mul-
tiresolution frameworks. Consequently, recent studies have 
begun to extend ITO to geometrically nonlinear regimes. 
For instance, Jahangiry et al. (2022) combined level sets 
with IGA for nonlinear plane stress problem, and Liu et al. 
(2025) investigated geometrically nonlinear ITO to improve 
structural performance under large deformation. While these 
works demonstrate that IGA improves analysis fidelity, it 
does not alone solve the issue of computational expense at 
high resolution. This motivates the use of multiresolution 
strategies, discussed next, which in combination with IGA 
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and nonlinear analysis can significantly alleviate the com-
putational burden.

1.2 � Multiresolution strategies: benefits 
and limitations

A promising strategy to reduce the cost of nonlinear topol-
ogy optimization is multiresolution discretization, where a 
fine mesh is used for the design variables and a coarse mesh 
for finite element analysis (FEA). Originally proposed by 
Nguyen et al. (2010; 2012), this decoupling allows each 
coarse element to contain multiple fine design voxels, ena-
bling high-resolution topology descriptions without solving 
a large FEA system. By doing so, one can attain high resolu-
tion, intricate designs without the need to solve an extremely 
large FEA system at every iteration. Currently, this method 
has been extensively applied to address complex topology 
optimization problems, including multimaterial (Park et al. 
2021), uncertainty (Keshavarzzadeh et al. 2019), and multi-
scale (Xu et al. 2019) scenarios.

Beyond linear problems, the benefits of multiresolution 
discretization become even more pronounced in nonlinear 
topology optimization. The coarse analysis mesh dramati-
cally saves the computational costs stemming from three pri-
mary reasons: First, a coarser analysis mesh leads to a lower-
dimensional tangent stiffness matrix, which corresponds to 
the Hessian matrix in Newton–Raphson-based nonlinear 
solvers. As a result, the analysis converges more rapidly, 
often requiring fewer iterations per load step. Second, the 
coarse mesh involves fewer degrees of freedom (DoFs), 
thereby reducing the computational time needed for solving 
the equilibrium equations in each analysis step. Together, 
these factors substantially decrease the per-iteration time 
cost compared to fine-mesh nonlinear analysis. Thirdly, a 
coarse analysis mesh enhances robustness against distortion 
by avoiding small, easily inverted elements, allowing stable 
nonlinear analysis even under large deformations. Ortigosa 
and Martínez-Frutos (2021) proposed a novel multiresolu-
tion topology optimization framework for nonlinear electro-
active shell structures, featuring: (1) an in-plane adaptive 
resolution scheme enabling higher-density discretization 
on material surfaces and (2) numerical determination of 
critical density-resolution-to-filter-length ratios to suppress 
QR-patterns in nonlinear electromechanical systems, reveal-
ing more flexible bounds than linear elasticity cases. Chen 
et al. (2022) proposed a multiresolution nonlinear topology 
optimization method based on the multiresolution design 
strategy and additive hyperelasticity technique to address 
the computational burden and convergence difficulties in 
nonlinear topology optimization involving geometric and 
material nonlinearity.

In addition, multiresolution strategies have also been 
introduced into isogeometric topology optimization. The 

combination is particularly appealing, since the smooth 
and CAD-exact NURBS basis functions not only facilitate 
the mapping between fine design fields and coarse analy-
sis meshes, but also enhance robustness against mesh dis-
tortion while ensuring high geometric fidelity. Lieu et al. 
(2017a) proposed a multiresolution topology optimization 
framework based on isogeometric analysis, in which design 
variables are defined in an auxiliary parameter space and 
mapped to the analysis domain using bivariate B-spline basis 
functions. This approach enables efficient multiresolution 
optimization while leveraging the geometric exactness and 
high continuity of NURBS in IGA. They further extended 
this framework to multimaterial topology optimization (Lieu 
and Lee 2017b). Du et al. (2020) proposed an explicit ITO 
method based on moving morphable voids, incorporating a 
novel multiresolution scheme with separate discretization 
levels for geometry and analysis. However, existing multires-
olution ITO approaches are based on k-refinement, which 
constructs nested meshes by increasing the polynomial order 
of the basis functions without altering the degree of freedom 
distribution. While this approach maintains continuity and 
compatibility, it has limited capability in capturing localized 
structural details and struggles to balance computational effi-
ciency with expressive design resolution.

Despite these advantages, the mismatch between the fine 
design field and coarse analysis can produce QR-patterns, 
artificial stiffness artifacts caused by disconnected high-
density regions within coarse elements (Gupta et al. 2018). 
These patterns lead to stiffness overestimation due to the 
inability of low-order shape functions to capture discontinu-
ous deformation, risking invalid or misleading designs. To 
suppress them, large-density filters are commonly applied 
to enforce smooth intra-element density, but this blurs fine 
features and degrades design quality. Attempts to reduce fil-
ter size for sharper topology often reintroduce QR-patterns, 
revealing a trade-off between resolution and robustness. 
Gupta et al. (2018) systematically analyzed this issue and 
provided filter guidelines based on shape function order, but 
filter-based remedies inevitably sacrifice design fidelity. This 
motivates the need for localized, automated solutions, such 
as adaptive analysis refinement, to preserve both accuracy 
and efficiency.

1.3 � Adaptive resolution framework 
with self‑adjusting barrier regularization

To address the limitations of fixed multiresolution schemes 
and large-deformation mesh distortion, we propose an auto-
mated adaptive resolution isogeometric topology optimiza-
tion framework with self-adjusting barrier regularization 
method. The key idea is to apply adaptive h-refinement to 
the IGA analysis mesh, triggered by a compliance-based 
QR-pattern detection algorithm to automatically choose 
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different analysis meshes to ensure a good balance between 
design accuracy and analysis efficiency. Moreover, to ensure 
a stable optimization process, a self-adjusting barrier regu-
larization term is also introduced to penalize severe mesh 
distortion in nonlinear analysis by embedding a Jacobian-
dependent energy term that diverges as elements approach 
unacceptable levels of distortion. Finally, we introduce a 
CAD-compatible post-processing step that extracts smooth 
boundaries, yielding ready-to-print models with geometric 
continuity.

The remainder of this paper is organized as follows: Sect. 2 
provides the problem statement, covering isogeometric analy-
sis and nonlinear topology optimization. Section 3 describes 
the adaptive resolution framework with self-adjusting barrier 
regularization and the overall optimization procedure with 
the post-processing. Section 4 evaluates the performance 
of the multiresolution analysis and optimization procedures 
through benchmark examples. Section 5 demonstrates the 
applicability and generality of the proposed method using 
representative structural design problems. Section 6 con-
cludes the paper and discusses future research directions.

2 � Problem statement

2.1 � Isogeometric concept

Non-uniform rational B-splines (NURBS) are geometric 
modeling tools that combine flexibility and accuracy, widely 
used in computer-aided design (CAD) and numerical analy-
sis (Li et al. 2025a, b). Compared to traditional polynomial 
basis functions, NURBS can not only precisely reproduce 
freeform curves and surfaces but also accurately represent 
analytic geometries such as circular arcs and ellipses. As 
such, they serve as ideal representations for both geometry 
and field variables in IGA. The key advantage of NURBS 
lies in the introduction of weight parameters w, which embed 
rational functions into the B-spline framework, enabling 
a unified representation of a wide variety of engineering 
geometries. This enhances the geometric accuracy and com-
putational robustness in numerical simulations.

The construction of B-splines is based on the definition of 
knot vectors and basis functions. A knot vector is an ordered, 
non-decreasing sequence of parameter values, typically 
denoted as � =

{
�0, �1,⋯ , �n+p

}
 , where n is the number of 

control points and p is the spline degree. Based on the given 
knot vector, B-spline basis functions are generated using 
the Cox-de Boor recursive formula (Piegl and Tiller 1995).

Specifically, the zeroth-order basis functions (p = 0) are 
piecewise constant functions. Higher-order basis func-
tions are constructed via linear interpolation and recursive 
combination, ensuring local support and higher-order con-
tinuity. This recursive definition grants NURBS excellent 
smoothness and controllability, making them suitable for 
high-precision geometric modeling and analysis of complex 
engineering structures (Li et al. 2024).

NURBS basis functions are defined by rationalizing 
B-spline functions as follows:

According to the property of tensor products, the two-
dimensional NURBS basis functions are constructed as:

2.2 � Neo‑Hookean hyperelastic model

To accurately describe the nonlinear material behavior of 
structures under large-deformation conditions, this study 
adopts the compressible Neo-Hookean hyperelastic model 
(Klarbring and Strömberg 2013). The strain energy density 
function for the Neo-Hookean model is defined as:

where μ and λ are Lamé constants, controlling the shear 
modulus and bulk modulus, C = FTF is the right Cauchy-
Green tensor, where F is the deformation gradient, which 
describes the mapping of material points from the reference 
configuration to the current configuration and is defined as:

where X is the initial position vector and I is the iden-
tity matrix, and J is the Jacobian determinant, defined as 
J = det(F). The relationship between the Lamé parameters 
and the macroscopic material properties (Young's modulus 
E0 and Poisson's ratio ν) is:

(1)

Ni,0(𝜉) =

{
1 if 𝜉i ≤ 𝜉 < 𝜉i+1
0 Otherwise

Ni,p(𝜉) =
(𝜉 − 𝜉i)Ni,p−1(𝜉)

𝜉i+p − 𝜉i
+

(𝜉i+p+1 − 𝜉)Ni+1,p−1(𝜉)

𝜉i+p+1 − 𝜉i+1
if 𝜉i ≤ 𝜉 < 𝜉i+1

(2)Ri,p(�) =
Ni,p(�)wi∑n

j
Nj,p(�)wj

,

(3)R
i,j
(�, �) =

Ni,p(�)Nj,q(�)wi,j∑n

k=0
Nk,p(�)Nk,q(�)wk,l

,

(4)W =
�

2
(tr(C) − 3) − �lnJ +

�

2
(lnJ)2,

(5)F = I +
�u

�X
,
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2.3 � Nonlinear isogeometric analysis

In large-deformation analysis, the Jacobian determinant may 
fluctuate significantly within elements, leading to the accu-
mulation of numerical integration errors and the singular-
ity of the stiffness matrix. To mitigate this issue, this study 
incorporates the Jacobian barrier regularization term into the 
total potential energy functional, constructing a novel energy 
expression to improve numerical stability and computational 
robustness in large-deformation hyperelastic problems. The 
modified potential energy form is:

where ψ represents the barrier regularization term, and u is 
the displacement vector.

The second-order variation of this modified potential 
energy functional leads to the tangent stiffness matrix:

where Kmat and Kgeo represent the material and geometric 
stiffness matrices, respectively, defined as:

where, B is constructed from the deformation gradient-
related term matrix FG and the shape function derivative 
matrix G. For two-dimensional problems, they are defined 
as:

where (u, v) represent the displacement fields in the 2D 
problem, (X, Y) are the initial coordinates, and n = 9 repre-
sents the number of control points in an element.

The barrier stiffness matrix Kbar, derived from the second-
order variation of the barrier regularization term, is:

(6)� =
E0

2(1 + �)
, � =

�E0

(1 + �)(1 − 2�)
,

(7)Π̃(u) = Π(u) + ∫
Ω0

𝜓(J(u))dV ,

(8)K =
𝜕2Π̃

𝜕u2
= Kmat + Kgeo + Kbar,

(9)Kmat = ∫
Ω

BTDBdV , Kgeo = ∫
Ω

GTSGdV ,

(10)B = FGG =

⎡⎢⎢⎢⎣

�u

�X
+ 1

�v

�X
0 0

0 0
�u

�Y

�v

�Y
+ 1

�u

�Y

�v

�Y
+ 1

�u

�X
+ 1

�v

�X

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎣

�N1

�X
0

�N2

�X
0 …

�Nn

�X
0

0
�N1

�X
0

�N2

�X
… 0

�Nn

�X
�N1

�Y
0

�N2

�Y
0 …

�Nn

�Y
0

0
�N1

�Y
0

�N2

�Y
… 0

�Nn

�Y

⎤⎥⎥⎥⎥⎦
,

(11)Kbar =
�2�(J)

�u2
= ∫

Ω

�2�

�J2
BTBdV ,

This modified potential energy form introduces the geo-
metric mapping distortion penalty term directly at the energy 
functional level. Without introducing additional numerical 
parameters or artificial criteria, it achieves good locality and 
geometric consistency, making it particularly suitable for 
topology optimization problems in isogeometric high-order 
continuous frameworks.

To solve the large-deformation equilibrium equations, 
this study uses the Newton-Simpson iterative method for 
incremental updates. At each iteration step k, the displace-
ment increment is updated by solving the following line-
arized equation:

where R is the residual force vector, defined as:

where fint​ represents the internal force vector under the cur-
rent configuration, and fext is the external load vector. The 
equilibrium state corresponds to R = 0.

In each iteration, the displacement field is updated 
incrementally by accumulating the displacement changes.

And the convergence is assessed based on the relative 
L2-norm of the displacement increments between two con-
secutive steps:

where etol represents the convergence tolerance.

2.4 � Nonlinear topology optimization

In conventional nonlinear topology optimization, Emin is 
often used to assign a very small stiffness to void regions 
to prevent numerical singularities caused by zero-stiff-
ness elements during nonlinear analysis (Sigmund 2007). 
Unlike the modified SIMP method, this work does not 
introduce a minimum modulus parameter Emin. This is 
because the self-adjusting barrier regularization provides 
a natural stabilization mechanism. The total stiffness 
matrix is the sum of the density-dependent stiffness terms 

(12)K(k)Δu(k) = R(k),

(13)R = f ext − f int,

(14)u(k+1) = u(k) + Δu(k),

(15)etol =
‖Δu‖2
‖u‖2 ,
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(Kmat + Kgeo) and the density-independent barrier stiffness 
(Kbar). In void regions, while the material and geomet-
ric stiffness vanishes, the barrier term, derived strictly 
from the barrier regularization term, effectively acts as 
a numerical background stiffness. This term ensures that 
the global stiffness matrix remains positive definite and 
non-singular, maintaining numerical stability even in the 
complete absence of physical material.

This work adopts the standard Solid Isotropic Material 
with Penalization (SIMP) material interpolation scheme to 
link design variables to material stiffness. The interpola-
tion relationship is defined as:

where �e ∈ [0, 1] is the design variable (element density), α 
is the penalty factor, and E0 is the Young’s modulus of the 
base material.

We introduce the topology optimization problem under 
material and geometric nonlinearity. Two optimization 
objectives are considered, (i) Minimum compliance 
design: maximizing the overall structural stiffness, (ii) 
Compliant mechanism design: maximizing the displace-
ment at a specific output point. Both problems are for-
mulated under a nonlinear IGA framework and can be 
unified as follows:

where L is the generalized load vector: for compliance mini-
mization, L = fext, and for compliant mechanism design, L 
is 1 at the output degree of freedom and 0 elsewhere. The 
constraint function g limits the total material volume, where 
ne is the total number of elements, ve is the volume of ele-
ment e, and V is the prescribed volume.

The sensitivity of the objective function can be derived 
using the Lagrange multiplier method:

Combining the SIMP interpolation and the adjoint 
method, the sensitivity expression becomes:

where the adjoint variable ϑ is determined by solving the 
adjoint equation:

(16)E(x) = ��
e
E0,

(17)

min
0≤�e≤1

∶ C(�) = LTu

s.t.: R(�,u) = �

g =

ne∑
e=1

�eve − V ≤ 0

(18)
�C

��e
= L(�, �)

�u

��e
+ �T

(
�R

��e
+

�R

�u

�u

��e

)
,

(19)
�C

��e
= −�T

(���−1
e

E0)f int(�, �),

(20)K� = L,

To prevent numerical instabilities such as checkerboard 
patterns and zigzag boundaries (Sigmund 1997), a sensi-
tivity filter (Sigmund 1994) is used to process the sensi-
tivities of the objective function. The filtered sensitivity 
expression is given by:

where � is a small positive constant to prevent division by 
zero, Ne is the set of elements within the filter radius, and 
Hei is the filter weight.

In addition, the Optimality Criteria (OC) method is 
adopted to solve the topology optimization problem.

3 � Adaptive multiresolution framework 
with self‑adjusting barrier regularization 
for stable optimization

3.1 � H‑refinement multiresolution isogeometric 
framework

In SIMP-based topology optimization, the finite element 
analysis mesh and the material density mesh are typically 
fully coupled. To achieve a refined topological structure, it 
is often necessary to refine the analysis mesh accordingly, 
which significantly increases the degrees of freedom and 
computational cost.

To improve computational efficiency in nonlinear topol-
ogy optimization while ensuring high-resolution optimized 
results, we propose a multiresolution ITO framework 
based on h-refinement. This approach integrates the con-
cept of multiresolution topology optimization with nonlin-
ear IGA techniques. By performing nonlinear analysis on a 
coarse mesh and describing the topology design on a fine 
mesh, it effectively decouples the design domain from the 
analysis domain, significantly reducing computational cost 
and enhancing design flexibility, as illustrated in Fig. 1.

The proposed multiresolution framework consists of 
two types of discretized mesh domains: the analysis mesh 
domain, and the design density mesh domain. The analysis 
domain employs a coarse mesh for nonlinear IGA, along 
with the corresponding NURBS integration points and 
basis functions. The design domain uses a fine density 
mesh for the subsequent optimization process, incorporat-
ing the refined NURBS integration points and basis func-
tions after h-refinement.

Figure  2 illustrates the multiresolution design and 
analysis meshes used in our isogeometric topology 

(21)
�̂C

��e
=

1

max(�, �e)
∑
i∈Ne

Hei

�
i∈Ne

Hei�e
�C

��e
,
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optimization framework. The figure on the left (in black) 
represents the high-resolution design density mesh, which 
captures detailed optimization configuration with fine 

discretization. The red meshes on the right illustrate the 
four types of analysis meshes employed in this study.

Given a 2D problem with a design density mesh of 
Nx × Ny, corresponding to Nx × Ny design variables, where 
Nx and Ny represent the number of elements in the x and 
y directions, respectively. The DoF of the same analysis 

Fig. 1   Structure diagram of 
multiresolution IGA, analysis 
mesh + integration point mesh, 
design density mesh + integra-
tion point mesh

Fig. 2   The design and analysis 
meshes of multiresolution 
framework
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mesh (Mesh 1) is (Nx + p) × (Nx + q) × 2 where (Nx + p) and 
(Nx + q) are the number of control points along the two 
directions, respectively. For Meshes 2, 3, and 4, the DoFs 
are (Nx /2 + p) × (Nx/2 + q) × 2, (Nx /4 + p) × (Nx/4 + q) × 2, 
and (Nx /8 + p) × (Nx/8 + q) × 2, respectively. The DoFs for 
three different design density meshes with degrees of 2 in 
both directions are given in Table 1, where it shows that 
when using a design density mesh of 400 × 400, the DoF 
ratio of Mesh 1 and Mesh 4 can reach to 59.76, indicating 
a significant demand of computational resource.

3.2 � Self‑adjusting barrier regularization method

In large-deformation nonlinear analysis, the Jacobian deter-
minant approaching zero or even becoming negative can 
lead to numerical integration errors, ill-conditioned matri-
ces, failure in solver convergence, and mesh distortion. For 
the previous barrier regularization method, the penalty 
coefficient usually needs to be prescribed manually, but its 
selection inevitably affects the analysis results. This study 
proposes a self-adjusting barrier regularization method in 
which the barrier coefficient automatically adjusts accord-
ing to the degree of mesh distortion, thereby avoiding the 
uncertainty associated with manually prescribed parameters 
and repeated trial-and-error tuning.

First, the barrier threshold δ (typically chosen as 
0 < δ ≪ 1) must be specified. When the Jacobian determi-
nant falls below δ, it is set to J = δ. The self-adjusting barrier 
(SA-barrier) term is defined as:

where γ is the barrier coefficient, which is self-adjusted 
according to the variation in the Jacobian determinant within 
each element, defined as:

where the baseline barrier coefficient 0.001 is set to a con-
stant value. This selection follows the empirical strategy 
established in our previous work (Li et al.  2025b). The value 
is chosen to be sufficiently small to ensure that the barrier 
energy contributes negligibly to the total potential energy 

(22)�(J) = −� log(J) = −� log (det (F)),

(23)� = 0.001 + 0.01
(
Jmax − Jmin

)
,

in well-behaved mesh regions thereby preserving physical 
accuracy. Conversely, combined with the dynamic scaling 
term 0.01(Jmax—Jmin), it provides adequate penalty forces 
to effectively suppress mesh distortion when the Jacobian 
determinant approaches the critical threshold or becomes 
negative. Jmax and Jmin are the maximum and minimum val-
ues of det(F) among all Gauss points within the current ele-
ment, respectively.

For numerical implementation, to ensure consistency and 
efficiency with the energy functional, the stiffness contri-
bution (Hessian approximation) is obtained by taking the 
second derivative of ψ

Furthermore, the barrier stiffness matrix Kbar can be 
obtained,

From a mechanical perspective, although the self-adjusting 
barrier method is primarily introduced to enhance numerical 
stability, it embodies a geometric motivated energy regulari-
zation mechanism. Specifically, the barrier term increases 
asymptotically as the Jacobian determinant approaches the 
threshold, effectively imposing an energetic resistance to ele-
ment collapse or inversion.

As illustrated in Fig.  3, this behavior is conceptually 
analogous to embedding a virtual nonlinear spring system 
within each finite element. These virtual springs remain dor-
mant when the element shape is healthy but exhibit rapidly 
increasing stiffness as the local volume shrinks abnormally or 
approaches singularity. Instead of altering the physical equi-
librium forces, this formulation induces a localized stiffening 
effect that effectively arrests excessive distortion without alter-
ing the physical response of feasible regions. Consequently, the 
barrier function ensures that the mapping from the reference 
to the deformed configuration remains well behaved, making 
the method particularly suitable for robust large-deformation 
analysis.

(24)�(J) =
�2�

�J2
=

0.001 + 0.01(Jmax − Jmin)

J2
,

(25)Kbar = ∫
Ω

�(J)BTBdV ,

Table 1   DoFs for three design density meshes with p = q = 2

The maximum ratio here refers to the DoF ratio between Mesh 1 and 
Mesh 4

Den-
sity  mesh 
number

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Max. ratio

8 × 8 200 72 32 18 11.11
40 × 40 3,528 968 288 98 36
400 × 400 323,208 81,608 20,808 5408 59.76

Fig. 3   Schematic diagram for suppressing grid distortion
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3.3 � Multiresolution nonlinear isogeometric 
topology optimization

This hierarchical structure enables a clear separation between 
analysis and design, which is central to the multiresolution par-
adigm. It significantly reduces the number of analysis degrees 
of freedom by using a coarse analysis mesh, while still captur-
ing fine structural details through the high-resolution density 
mesh used for design updates. The coarser analysis meshes 
are mapped to the fine design mesh via NURBS interpolation 
schemes, ensuring consistent information transfer. The mul-
tiresolution density mapping formula is given by

where 𝜌̃e
𝜁
 denotes the density at the Gauss integration point 

ζ within the coarse element e, used for nonlinear IGA. �� 
represents the set of fine elements in the neighborhood of 
the integration point.

For the multiresolution nonlinear topology optimization 
problem, Eq. (17) should be corrected as

where the displacement vector uφ corresponding to the opti-
mization mesh is obtained by interpolating the displacement 
u from the analysis mesh:

where (��, ��) is the knot vector corresponding to the opti-
mization mesh.

The sensitivity of the objective function can be derived 
using the Lagrange multiplier method:

where f�
int

 is the internal force vector on the optimization 
mesh.

3.4 � Automated adaptive resolution method

To further enhance computational efficiency while pre-
serving the ability to capture fine structural details, this 
paper proposes an automated adaptive resolution method. 
Unlike conventional multiresolution approaches with fixed-
resolution ratios, the proposed method dynamically adjusts 

(26)𝜌̃e
𝜁
=

1

�𝜁 (e)

∑
i∈�𝜁 (e)

𝜌i,

(27)

min
0≤�e≤1

∶ C(�) = LTu�

s.t. ∶R�(�,u�) = �

g =

ne∑
e=1

�eve − V ≤ 0

,

(28)u� =

nc∑
A=1

R(��, ��)u,

(29)
�C

��e
= −�T

(���−1
e

E0)f
�

int
(��, ��),

analysis mesh resolution based on the convergence trend and 
objective-based QR-patterns detection algorithm during the 
optimization process, as illustrated in Fig. 4.

At the early stages of optimization, a coarse mesh is 
adopted to reduce computational costs and accelerate the 
convergence of the global structural layout. The convergence 
is determined according to the predefined objective conver-
gence criterion. If the criterion is not satisfied, the optimi-
zation iterations continue. Once convergence is achieved, 
the objective-based QR-patterns detection algorithm will be 
activated. If the detection criterion is not satisfied, the cur-
rent topology result is output. Otherwise, a finer analysis 
mesh is adopted to continue the optimization iterations until 
the final topology result is obtained.

To implement the automated adaptive resolution 
method, a convergence criterion for the objective func-
tion must be predefined, i.e., the relative change of the 
objective function over the most recent iterations should 
be smaller than a specified threshold. Therefore, we first 
define a historical sequence of the objective function:

where C(k) is the objective function value at iteration k. We 
then compute the sequence of relative changes over the most 
recent N steps (with N = 5 in this paper):

(30){C(k)} = {C(1),C(2), ...,C(n)},

(31)Δ(k) =
||C(k) − C(k−1)||

C(k−1)
(k = n − N + 1, ..., n),

Fig. 4   The flowchart of the automated adaptive resolution method
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that is, the relative change rate of the objective function 
between successive iterations over the most recent N steps. 
Furthermore, the maximum relative change rate is computed.

Subsequently, when Δmax is lower than the threshold ε 
(with ε = 0.005 in this paper), the objective-based QR-pat-
terns detection algorithm is activated. The core idea of this 
algorithm is to perform an additional analysis using a finer 
mesh in the current optimization iteration and compute 
the corresponding objective function value. If the rela-
tive change between the objective function obtained on 
the finer mesh and the current objective function remains 
below the threshold, the optimization is considered con-
verged. Otherwise, the method automatically switches to 
the finer analysis mesh to continue the optimization pro-
cess. The judgment criterion is as follows:

(33)Δmax = max(Δ(n−N+1), ...,Δ(n)),

(34)
|||Cfiner − Ck|||

Ck
>𝜀,

where Cfiner denotes the objective function value computed 
on the finer mesh.

3.5 � Optimization design and post‑processing 
workflow

Figure 5 illustrates the complete workflow of the proposed 
multiresolution nonlinear isogeometric topology optimi-
zation and post-processing method, which can be divided 
into three stages. Stage 1: Nonlinear IGA. First, based on 
the NURBS representation, the structural geometry and 
analysis domain are constructed. After applying bound-
ary conditions, loads, and material parameters, nonlinear 
isogeometric analysis is performed using a coarse analysis 
mesh to reduce computational cost. Stage 2: Multiresolution 
topology optimization. During the topology optimization 
stage, a fine optimization mesh is used to design the mate-
rial layout. Sensitivity analysis and optimization algorithms 
are employed to iteratively update the material distribution. 
The analysis and density mesh are decoupled: the coarse 
mesh is used for structural analysis, while the fine mesh 
describes the design variables, thus balancing computational 

Fig. 5   Topology optimization process and post-processing diagram
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efficiency and design resolution as explained in Sect. 3.5. 
Stage 3: Post-processing and CAD model generation. Lever-
aging the inherent geometric continuity of the isogeometric 
framework, the optimized topology is naturally represented 
as a NURBS surface, facilitating a seamless transition to 
editable CAD models. Unlike conventional element-based 
approaches that suffer from boundary ambiguity, the pro-
posed workflow exports the density field as a NURBS sur-
face via standard IGES formats. In the CAD environment, 
a horizontal threshold plane is constructed to intersect with 
this density surface, acting as a precise geometric filter. The 
height of the threshold plane is determined through an itera-
tive calibration process to approximate the target volume 
constraint. By computing the intersection curves between 
the smooth NURBS surface and the cutting plane, error-
free boundary contours are extracted to reconstruct the final 
solid geometry. This method effectively eliminates the jag-
ged edges typical of grayscale elements, enabling the rapid 
generation of precise, editable CAD models for direct engi-
neering application.

4 � Benchmark

To systematically evaluate the performance of the pro-
posed automated adaptive resolution topology optimization 
method, a benchmark cantilever beam problem is investi-
gated in this section. The study focuses on assessing how 
the multiresolution strategy influences nonlinear analysis 
accuracy, structural topology representation, and compu-
tational efficiency. Specifically, four aspects are explored: 
1. The impact of different analysis meshes on the conver-
gence of nonlinear analysis and resulting topology; 2. The 
role of filter radius in controlling the resolution of structural 
features; 3. The effectiveness of the proposed automated 
adaptive resolution method in balancing design quality and 
computational cost; 4. The influence of mesh density on the 
overall performance of multiresolution optimization. All 
simulations are conducted on a desktop computer equipped 
with a 12th Gen Intel(R) Core (TM) i7-12700F 2.10 GHz 
CPU and 16 GB of RAM.

The schematic of the cantilever beam is shown in 
Fig. 6, with a design domain of 120 mm × 40 mm with 
1 mm × 1 mm elements. The beam is fixed at the left end, 

with a downward load F = 10 N applied at the midpoint of 
the right end. The structure is modeled using a compress-
ible Neo-Hookean material, with a Young’s modulus of 
300 MPa and a Poisson’s ratio of 0.4. The volume fraction 
and SIMP penalty factor are set to 0.5 and 3, respectively. In 
the nonlinear analysis, the load increment number is set to 
10, with a convergence tolerance etol = 10–3, and the number 
of Newton–Raphson iterations is capped at 10 per load step. 
The termination criterion for optimization iterations is set 
to 10−5.

4.1 � Effect of analysis mesh

This subsection investigates the impact of the analysis mesh 
on the convergence behavior of nonlinear analysis and the 
resulting topology. The filter radius is set to 1.5 mm. Mesh 
1, Mesh 2, and Mesh 3 are examined, and the correspond-
ing numbers of DoF are 10,248, 2728 and 768, respectively.

Figure 7 presents the convergence history of the nonlinear 
analysis in terms of the number of Newton–Raphson analy-
ses per optimization step. When using Mesh 1, the number 
of nonlinear analyses rapidly stabilizes at around 30, corre-
sponding to approximately 3 iterations per load increment. 
For Mesh 2, minor fluctuations are observed, but conver-
gence is achieved after about 34 optimization iterations. 
However, in Mesh 3, significant oscillations occur in the 
early optimization phase. This instability is primarily due 
to the coarse analysis mesh, which lacks sufficient accuracy 
to accommodate rapid changes in design variables, thereby 
hindering the convergence of the nonlinear analysis. As the 

Fig. 6   Schematic of the cantilever beam

Fig. 7   Convergence curves of nonlinear analysis step during optimi-
zation



	 X. Li et al.107  Page 12 of 23

design stabilizes, the nonlinear solver gradually regains 
convergence.

Figure 8 displays the post-processed topologies corre-
sponding to the three mesh resolutions. The results for Mesh 
1 and Mesh 2 exhibit highly consistent structural layouts. 
In contrast, the Mesh 3 case shows irregular transitions and 
islanding phenomenon, which are attributed to an insuffi-
cient filter radius relative to the fine design mesh. This leads 
to overly sharp local variations and poor structural regular-
ity. A commonly adopted remedy is to appropriately increase 
the filter radius to mitigate these issues.

4.2 � Effect of filter radius

To further evaluate the influence of filter radius under a fine-
resolution setting, we investigate the topologies generated 
with Mesh 3 using four different filter radii rmin = 1.5 mm 
(for baseline comparison), 2.3 mm, 3 mm, and 4 mm. The 
post-processed topologies are shown in Fig. 9.

The results demonstrate that increasing the filter radius 
effectively suppresses the previously observed irregular tran-
sitions and islanding feature. However, this improvement 
comes at the cost of over-smoothing, which may eliminate 
slender members or other fine-scale features. This trade-off 
can negatively impact design fidelity, particularly in applica-
tions requiring high geometric complexity and resolution.

4.3 � Optimization of the automated adaptive 
resolution method

To address the challenges observed in the previous sec-
tions, we adopt the automated adaptive resolution method 
described earlier to achieve the adaptive mesh switching. 
The process begins with Mesh 3 for initial optimization. 
Once the objective function satisfies the predefined conver-
gence criterion, the compliance-based QR-pattern detec-
tion algorithm is activated. If QR-patterns are detected, 
the analysis mesh is automatically switched to the finer-
resolution Mesh 2 to continue the optimization process. It 
is worth noting that the filter radius remains fixed at 1.5 
throughout this example. As shown in Fig. 10, the final 
optimized and post-processed topologies obtained using 
this strategy are nearly identical to those obtained under 
Mesh 1 and Mesh 2, demonstrating the structural consist-
ency and reliability of the adaptive approach.

To better illustrate the transition process, Fig.  11a 
presents the evolution of the objective function and the 

        
(a) Mesh 1                              (b) Mesh 2                           (c) Mesh 3

Fig. 8   Post-processed topologies under different analysis meshes

Fig. 9   Post-processed topolo-
gies under different filter radii

(a) rmin = 1.5 mm (b) rmin = 2.3 mm

(c) rmin = 3 mm (d) rmin = 4 mm

(a) (b)

Fig. 10   Optimized configurations, a topology, b post-processed
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corresponding topology during optimization. The green 
and red lines denote the iteration curves for the Mesh 3 
and Mesh 2 resolution stages, respectively. As shown in 
Fig. 11a, a noticeable spike in compliance occurs at Itera-
tion 22. This phenomenon is attributed to the release of 
artificial stiffness caused by the mismatch between the 
fixed small filter radius and the coarse analysis mesh. 
The coarse elements artificially bridge the discontinu-
ous material islands formed by the small filter, leading 
to stiffness overestimation. When switching to the finer 
Mesh 2, this artificial constraint is removed, resulting in a 
sudden increase in compliance. This mechanism is visu-
ally corroborated by the displacement contours presented 
in the insets of Fig. 11a, which clearly show a signifi-
cant increase in structural displacement. Such a sudden 
increase in displacement accompanied by mesh distortion 
inevitably leads to an abrupt jump in compliance, which 
clearly poses a risk of divergence for extremely nonlinear 
problems. However, accounting for the variation of the 
filtering radius during multiresolution mesh transitions can 
effectively alleviate the aforementioned issue. The detailed 
discussion will be provided in Sect. 4.4.

In addition, Fig. 11b compares the total computational 
time for different multiresolution settings: Mesh 1, Mesh 
2, Mesh 3 and the adaptive mesh (Mesh 3 → Mesh 2). 
The total optimization times are 1385 s, 400 s, 153 s, and 
307 s, respectively. The corresponding speed-up rates of the 
multiresolution schemes compared to Mesh 1 are 71.12%, 
88.95%, and 77.83%. These results clearly demonstrate that 
the automated adaptive resolution method achieves substan-
tial improvements in computational efficiency while main-
taining the structural quality and detail of the final design.

4.4 � Effect of element discretization scale and filter 
radius switching scheme

To further evaluate the influence of finer mesh discretiza-
tion on nonlinear topology optimization using the automated 
adaptive resolution method, we consider a refined design 
density mesh of 240 mm × 80 mm. The multiresolution 
meshes and corresponding filter radii are set as follows, 
Case1: Mesh 1 with 1.5 mm, Case2: Mesh 2 with 1.5 mm, 
Case 3: Mesh 3 with 3 mm, Case 4: Mesh 4 with 6 mm, 
Case 5: Adaptive mesh (Mesh 4 → Mesh 3) with 3 mm, Case 
5: Adaptive mesh (Mesh 4 → Mesh 3) with 3 mm, Case 6: 
Adaptive mesh (Mesh 4 → Mesh 3) with 6 mm → 3 mm, 
Case 7: Adaptive mesh (Mesh 4 → Mesh 3 → Mesh 2) with 
1.5 mm, Case 8: Adaptive mesh (Mesh 4 → Mesh 3 → Mesh 
2) with 6 mm → 3 mm → 1.5 mm.

The post-processed topologies under different resolu-
tions are shown in Fig. 12. It can be observed that all con-
figurations, except for the Mesh 4 case, produce reasonable 
and smooth boundary topologies. It is also proved that the 
element discretization scale significantly affects the selec-
tion of a suitable analysis mesh. For instance, Mesh 3 is 
feasible under the discretization of 240 mm × 80 mm but 
not 120 mm × 40 mm. Furthermore, applying an automated 
adaptive multiresolution method by switching from Mesh 4 
to Mesh 3 effectively resolves the discontinuities observed 
in the Mesh 4 resolution case.

Crucially, the comparison between fixed and filter radius 
switching schemes reveals a fundamental insight into the 
multiresolution process. Comparing Case 5 and Case 6 or 
Case 7 and Case 8 offers the most significant finding. In 
Case 5 and Case 7, an automated adaptive mesh scheme is 

(a) (b)

Fig. 11   Iterative curves, a compliance, b time
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employed but with a fixed small filter radius throughout. It 
can be observed that the final topologies exhibit additional 
thin struts in the branching region. This is attributed to the 
mismatch between the small filter radius and the coarse ele-
ments during the early optimization stages (Mesh 4). The 
small filter fails to suppress QR-patterns in the coarse mesh, 

causing the optimizer to converge prematurely to a local 
optimum, which are difficult to remove even after subse-
quent mesh refinement. In contrast, Case 6 and Case 8 adopt 
a coupled adaptive strategy, where the filter radius decreases 
synchronously with mesh refinement. This topology con-
tinuation approach ensures that a coherent global structure 
is established early using a large filter, while fine features 
are progressively resolved as the mesh and filter are refined. 
Consequently, Case 6 and Case 8 produce topologies that 
are remarkably consistent with the high-resolution baseline 
(Case 1), effectively eliminating the discontinuities found in 
Case 4 and the thin strut observed in Case 7.

Figure 13 presents the compliance histories as well as the 
topology configurations of Case 8 at the two mesh transition 
stages. It can be clearly observed that noticeable compliance 
jumps occur in Case 5 and Case 7 during mesh transitions. 
As discussed above, this behavior is mainly attributed to 
the mismatch between a small filtering radius and coarse 
elements. When the filtering radius is adjusted with the 
mesh transitions, as in Case 6 and Case 8, the compliance 
fluctuations become much less pronounced. This observa-
tion further explains the mesh-induced oscillations shown in 
Fig. 11a. From the perspective of the final structural compli-
ance, the cases with two mesh transitions (Case 7 and Case 
8) exhibit better performance than those with only one mesh 
transition (Case 5 and Case 6). Moreover, the cases in which 

Fig. 12   Post-processed configu-
rations of the optimized solu-
tions for different analysis mesh 
resolutions and filter radii

(a) Case1 (b) Case2

(c) Case 3 (d) Case 4

(e) Case 5 (f) Case 6

(g) Case 7 (h) Case 8

Fig. 13   Iterative curve of the objective function and the topology 
configurations of Case 8 at the mesh transition stages
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the filtering radius varies with the multiresolution mesh out-
perform those using a fixed filtering radius, indicating that 
accounting for the variation of the filtering radius is neces-
sary in the automated adaptive resolution method.

Overall, the differences in the final compliance values 
among the four cases are not significant, all of them effec-
tively avoid the mesh discontinuity issues observed in Case 
4, which further demonstrates the necessity and robustness 
of the proposed automated adaptive resolution method.

5 � Numerical examples

To further validate the applicability and superiority of 
the h-refinement multiresolution and stable nonlinear 
isogeometric topology optimization method in practical 

engineering scenarios, this section presents numerical stud-
ies on representative structural examples. The designs com-
prehensively incorporate key considerations, including the 
automated adaptive resolution method, and the self-adjusting 
barrier regularization method. The primary objective is to 
evaluate the method's overall performance in mitigating 
mesh distortion, preserving structural topology quality, and 
improving computational efficiency.

5.1 � Cantilever beam

The cantilever beam example is used to validate the effec-
tiveness of the self-adjusting barrier regularization method 
within the multiresolution framework. The geometry, load-
ing, and boundary conditions of the cantilever beam are 
illustrated in Fig. 14. The design domain is discretized into 
a design density mesh of 122 mm × 32 mm elements. The 
structure is modeled using a compressible Neo-Hookean 
material with Young’s modulus E = 300 MPa and Poisson’s 
ratio ν = 0.4. The threshold for the barrier regularization 
term is set to δ = 10−5.

In the nonlinear analysis, the load increment number is 
10, with a convergence tolerance etol = 10−3, and the number 
of Newton–Raphson iterations is limited to 5 per step. The 

Fig. 14   The schematic of the cantilever beam

Table 2   Comparison 
of topology and mesh 
configurations, structural 
compliance, analysis steps, 
and optimization time under 
different loads

 Non-barrier Hybrid constitutive SA-barrier 

F = 1 N 

C - A -T 0.99-1205-422 0.99-1290-423 0.99-1238-436 

F = 10 N 

C - A -T 9.89-1978-658 9.89-1463-481 9.89-1446-514 

F = 20 N / 

C - A -T / 392.4-2225-695 392.9-2316-785 

F = 30 N / 

C - A -T / 876.2-3683-1156 870.8-2667-880 

F = 35 N / / 

C - A -T / / 1217-3105-1085 
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volume fraction, filter radius, and SIMP penalty factor are 
set to 0.5, 1.5 mm, and 3, respectively. Multiresolution start-
ing with Mesh 2 is employed.

Under different loading conditions, the results of the 
topology and mesh configurations are compared between 
the non-barrier method (without barrier), the Hybrid consti-
tutive method (low-density elements adopt linear elastic con-
stitutive model, high-density elements adopt Neo-Hookean 
material model) and the SA-barrier method. Consistent with 
the hybrid constitutive method, the linear elements employed 
in the low-density regions utilize the same material param-
eters to ensure physical continuity in the small-strain regime. 
Key performance metrics, including structural compliance 
(C), total analysis number (A), and total optimization time 
(T), are summarized in Table 2.

As presented in Table 2, under small loads (F = 1 N), the 
three methods produce consistent topologies and structural 
compliance. Regarding computational efficiency, the non-
barrier method requires the fewest analysis iterations. While 
the Hybrid constitutive method introduces a slight increase 
in iterations due to the coupling of linear and nonlinear ele-
ments, the use of linear theory in void regions reduces the 
cost per equilibrium step. Consequently, its total optimiza-
tion time remains comparable to the non-barrier method. 
The SA-barrier method incurs a minor computational over-
head due to the barrier terms, resulting in slightly higher 
iteration counts and time under this small-deformation 
scenario.

When the load increases to F = 10 N, consistent topol-
ogies are still maintained, but the non-barrier method 

begins to exhibit noticeable mesh distortion. This phe-
nomenon occurs because, in the conventional non-barrier 
formulation, low-density elements possess negligible stiff-
ness and offer little resistance to nodal drift, allowing them 
to undergo excessive, non-physical deformations even 
under moderate loads. Crucially, this distortion negatively 
impacts numerical performance: the non-barrier method 
requires significantly more analysis steps (1978) and time 
(658 s) compared to the SA-barrier method (1446 steps / 
514 s). The efficiency advantage of the SA-barrier method 
stems from its underlying regularization mechanism: the 
barrier function acts as a mesh-quality-dependent energy 
potential that grows asymptotically as the Jacobian deter-
minant approaches zero. This induces a localized stiffen-
ing effect that effectively arrests element collapse without 
altering the physical equilibrium forces of feasible regions, 
thereby maintaining a healthy discretization and improving 
the conditioning of the equilibrium iterations. As the load 
reaches F = 20 N, the non-barrier method fails due to the 
breakdown of the nonlinear analysis (Jacobian singular-
ity) triggered by element inversion (J ≤ 0). The Hybrid 
constitutive and SA-barrier methods continue to function.

At high load levels (F = 30 N and F = 35 N), the per-
formance gap widens. At F = 30 N, the Hybrid constitu-
tive method maintains baseline stiffness in low-density 
regions, smoothing the deformation. However, compar-
ing the structural compliance and computational cost in 
Table 2 reveals that the SA-barrier method achieves a 
similar compliance with significantly reduced computa-
tional cost (Time: 880 s vs. 1156 s for Hybrid constitu-
tive). Furthermore, at the extreme load of F = 35 N, the 
Hybrid constitutive method fails to converge, whereas the 

(a) (b)

Fig. 15   Iteration curves, a compliance and topology configurations of the Hybrid constitutive method; b number of nonlinear analysis
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SA-barrier method successfully generates a valid design. 
This demonstrates that the SA-barrier method, by penaliz-
ing near-singular deformations via stiffness regularization, 
offers a superior stability margin. The numerical behavior 
under F = 30 N is further elucidated in Fig. 15. The com-
pliance history (Fig. 15a) shows that the Hybrid consti-
tutive method suffers from pronounced oscillations (blue 
line), with spikes corresponding to intermittent mesh dis-
tortions shown in the inset images. These distortions imply 
that the optimizer temporarily traverses infeasible geomet-
ric configurations. In contrast, the SA-barrier method (red 
line) exhibits a smooth and stable convergence trend. This 
robustness is corroborated by the analysis iteration his-
tory (Fig. 15b), where the SA-barrier method maintains a 
consistently lower number of Newton iterations (around 
40–50), preventing the numerical deterioration observed 
in the Hybrid constitutive method.

5.2 � Curved beam

To demonstrate the advantages of NURBS in accurately 
representing complex or arbitrarily shaped geometries, as 

well as to further showcase the feasibility and benefits 
of the proposed automated adaptive resolution framework 
with self-adjusting barrier regularization for stable non-
linear isogeometric topology optimization, a curved beam 
with a quarter-ring geometry is considered, as shown in 
Fig. 16a. The bottom edge of the beam is fully fixed, and 
a horizontal load F = 10 N is applied at the top-left corner.

The initial control mesh of the beam is presented in 
Fig. 16b. The design density mesh is 160 mm × 80 mm, 
as illustrated in Fig. 16c, where black represents density 
meshes and red denotes analysis meshes (corresponding 
to Mesh 2). The material model follows the compressible 
Neo-Hookean formulation, with Young’s modulus and 
Poisson’s ratio set to 300 MPa and 0.4, respectively. The 
volume fraction and SIMP penalty factor are set to 0.5, 
and 3, respectively. In each optimization iteration, the load 
increment number is 10. The nonlinear analysis uses a con-
vergence tolerance etol = 10−3, with the Newton–Raphson 
solver capped at 5 iterations per load increment.

To investigate the performance of the multiresolu-
tion strategy in nonlinear problems, five multiresolution 
mesh cases are considered, Case 1: Mesh 1with filter 

(a) (b) (c)

Fig. 16   Curved beam, a the design domain, b the initial control point mesh, and c the discretized density and analysis mesh

(a)                       (b)                       (c)                       (d)                       (e)

Fig. 17   The post-processed topologies, a Case 1, b Case 2, c Case 3, d Case 4, e Case 5
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radius  rmin = 1.5, Case 2: Mesh 2 with filter radius   rmin = 1.5, 
Case 3: Mesh 3 with filter radius  rmin = 1.5, Case 4: Mesh 3 
with filter radius  rmin = 1.5, and Case 5: the adaptive mesh of 
the automated adaptive resolution method with filter radius 
rmin = 3 → 1.5. The post-processed topologies are shown in 
Fig. 17.

The main load-bearing paths are consistent across all 
analysis mesh resolutions, indicating that the multireso-
lution method maintains strong robustness in preserving 
global structural features. However, Case 3 exhibits distinct 
irregular transition features, primarily attributed to the mis-
match between the coarse analysis mesh and the fine den-
sity mesh coupled with an excessively small filter radius. 
When a larger filter radius is employed, as in Case 4, these 
issues are partially mitigated; nevertheless, the boundary 
smoothness remains unsatisfactory, and islanding artifacts 
are observed. In contrast, Case 5 utilizes the automated 
adaptive resolution method (transitioning from Mesh 3 to 
Mesh 2 with R = 3 → 1.5), which effectively resolves these 
problems, yielding a smooth and refined topology compa-
rable to the finer Case 1.

Table 3 summarizes the computational performance met-
rics under different cases, including: the number of DoF in 
the analysis mesh, the final structural compliance, total opti-
mization time, and the corresponding efficiency improve-
ment compared to the solution using Mesh 1. The four cases 
achieve efficiency improvements of approximately 73.2%, 
89.3%, 92.0%, and 82.6%, respectively. Moreover, the com-
pliance difference between Case 5 and Case 1 is the small-
est. These findings further demonstrate that the automated 
adaptive resolution method effectively enhances optimiza-
tion efficiency while preserving both the topological con-
figuration and structural performance.

In addition, Fig. 18 presents the iteration histories of 
structural compliance and volume fraction. The structure 
converges rapidly and smoothly within 20 iterations, and the 
volume fraction consistently remains at the prescribed con-
straint of 0.5, demonstrating the proposed method’s strong 
convergence and volume preservation in nonlinear settings. 
It is also observed that at the 20th iteration, accompanied by 
the filter radius switch, Case 5 does not exhibit the sudden 
spike seen in Fig. 11a. Instead, the compliance showed only 
minor fluctuations. This further indicates the necessity of 

considering filter radius transitions in the automated adap-
tive resolution method.

Furthermore, to demonstrate the stability and robustness 
of the proposed method under large deformations, the topol-
ogy optimization of a curved beam under various loading 
conditions is investigated, using Case 5 as a representative 
example. Figures 19a-d illustrate the deformed mesh topolo-
gies under loads of F = 10, 50, 100, and 150 N, respectively, 
while Fig. 19e-h present the corresponding post-processed 
configurations. It can be observed that the mesh exhibits no 
significant distortion even under large deformations, thereby 
validating the effectiveness of the SA-barrier method. More-
over, the ability to obtain reasonable and smooth topologi-
cal configurations under different loading scenarios further 
confirms the feasibility of the automated adaptive resolution 
method in large-deformation applications.

5.3 � Compliant mechanism

To further validate the applicability and effectiveness of 
the proposed automated adaptive resolution framework 
with SA-barrier method in highly flexible structures, a clas-
sical compliant mechanism, the inverter, is selected. Due 
to the symmetry of the inverter mechanism (Bendsøe and 
Sigmund 2003), the design domain and boundary condi-
tions are illustrated in Fig. 20, with a mesh resolution of 
120 mm × 80 mm. In this setup, the top-left corner is defined 

Table 3   Computational 
performance with different 
analysis mesh resolutions

Mesh 1
rmin = 1.5

Mesh 2
rmin = 1.5

Mesh 3
rmin = 1.5

Mesh 3
rmin = 3

Adaptive mesh
 rmin = 3 → 1.5

DoFs 26,568 6888 1848 1848 1848 → 6888
Compliance 17.79 17.44 17.24 17.52 17.60
Time/s 5026 1345 536 403 862
Time Saving/% / 73.2% 89.3% 92.0% 82.9%

Fig. 18   Iterative curves of compliance and volume fraction
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as the input point with an external force of 250 N and an 
attached spring of stiffness 10 N/mm. The objective is to 
maximize the displacement uout for a given input force 
fin. The top-right corner serves as the output point, where 
another spring of stiffness 10 N/mm is applied. The struc-
ture is modeled with Neo-Hookean material, with a Young’s 
modulus of 3000 MPa and a Poisson’s ratio of 0.4. The vol-
ume fraction and penalization factor are set to 0.25 and 3, 
respectively. For each optimization iteration, the load incre-
ment number is 10. The nonlinear analysis is governed by 
a convergence tolerance of 1e−3, and the Newton–Raphson 
iteration is limited to a maximum of 5 steps.

Table 4 presents the resulting mesh quality, topologies, 
and post-processed configurations under five cases, where 
Case 1 is Mesh 1 with filter radius rmin = 1.5 under non-
barrier, Case 2 is Mesh 2 with filter radius rmin = 1.5 under 
non-barrier, Case 3 is Adaptive mesh (Mesh 2 → 1) with 
filter radius rmin = 1.5 under  non-barrier, Case 4 is Adap-
tive mesh (Mesh 2 → 1) with filter radius rmin = 1.5 under 
SA-barrier and Case 5 is Adaptive mesh (Mesh 3 → 2) with 
filter radius rmin = 3 → 1.5 under SA-barrier. The correspond-
ing output displacement (uout) and optimization time (topt) 
are used to evaluate the performance. It is worth noting that 
in Case 1 and Case 3, if no additional small stiffness (Emin) 
is introduced, the optimization process will fail to converge 
due to element singularities. Therefore, in this calculation 
example, Emin = 10–6 is specially set. In contrast, the SA-bar-
rier method achieves stable optimization without requiring 
any such regularization, thereby maintaining better physical 
consistency.

As shown in Table 4, the optimized topologies obtained 
under Case 1, Case 2, Case 3, and Case 4 consistently exhibit 
a distinct dual-arm mechanism, with only minor variations 
in the maximum output displacement. Among them, Case 

4 based on the automated adaptive resolution framework 
presents the topology and performance most similar to those 
of Case 1. In contrast, although Case 2, which considers only 
Mesh 2, outperforms Case 4 in terms of optimization time, 
its optimized topology, particularly in the hinge connection 
regions, shows noticeable deficiencies. This observation 
demonstrates the necessity of the automated adaptive reso-
lution framework in compliant mechanism design.

It should be noted, however, that although Case 5 shows 
a significant improvement in optimization time, its resulting 
topology does not meet expectations. This is mainly because 
it adopts the coarsest mesh resolution (Mesh 3 → 2), which 
fails to accurately capture the local stiffness characteristics 
of the flexure hinge region, leading to numerical pseudo-
flexibility issues such as single-node connections. This dis-
cretization error results in the poorest geometric clarity of 
the topology, and the displacement results deviate due to the 
underestimation of stiffness at the hinge. Therefore, in com-
pliant mechanism optimization using the automated adaptive 
resolution method, the choice of the analysis mesh should be 
made carefully in accordance with the density mesh.

From the perspective of mesh quality, the SA-barrier 
method results in smoother and more natural mesh defor-
mation, while the non-barrier approach suffers from severe 

Fig. 19   Topological configura-
tions under different loads, a–d 
mesh, e–h post-processed

Fig. 20   Inverter mechanism
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mesh distortion. Additionally, Fig. 21 shows the iteration 
curves of analysis step number for the five cases. For Cases 
2–4 that employ the resolution technique, the number of 
analysis iterations is relatively high in the early stage of opti-
mization due to mesh effects. However, since the computa-
tions are initially performed on coarse meshes, the overall 
computational time remains low despite the larger number of 
iterations, leading to higher efficiency. In Case 5, the use of 
the coarsest Mesh 4 at the initial optimization stage results in 
the most pronounced fluctuations in the number of analysis 
iterations. After switching to Mesh 2, however, the incorpo-
ration of the SA-barrier method causes the analysis iterations 

to stabilize and eventually become consistent with those of 
Case 2 in the later stage. A comparison between Case 3 
and Case 4 further reveals that, under the same automated 
adaptive resolution framework, Case 4 with the SA-barrier 
method exhibits smaller fluctuations in the early optimiza-
tion stage and achieves the lowest iteration count in the later 
stage (31 iterations). This further demonstrates the advan-
tages of combining the SA-barrier method with the auto-
mated adaptive resolution framework.

In summary, the self-adjusting barrier regularization 
technique not only ensures the accuracy of the optimized 
designs, but also significantly enhances the numerical 

Table 4   Mesh quality, 
optimized topologies, post-
processing configurations, and 
performance metrics of three 
cases

Mesh Topology Post-processing 

Case 1 

uout - topt s81822-30.9–

Case 2 

uout - topt s9121-89.8–

Case 3 

uout - topt s53401-99.8–

Case 4 

uout - topt s1102-10.9–

Case 5

uout - topt –9.17 - 683s 
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stability and computational efficiency in the topology opti-
mization of compliant mechanisms. When integrated with 
the adaptive resolution strategy, the method achieves fur-
ther computational savings, and the barrier term proves 
particularly effective in improving convergence behavior 
of the multiresolution framework under large-deformation 
conditions.

6 � Conclusions

This study presents an automated adaptive resolution frame-
work with self-adjusting barrier regularization for nonlin-
ear isogeometric topology optimization. By integrating 
h-refinement-based adaptive resolution, Jacobian-based 
barrier regularization, and a NURBS-based post-processing 
strategy, the method achieves a favorable balance between 
accuracy, stability, and efficiency. The automated adaptive 
resolution method, guided by an objective-based QR-pattern 
detection algorithm, allows the framework to fully exploit 
the efficiency of coarse meshes in the early iterations and to 
switch to refined meshes once the objective stabilizes at the 
prescribed convergence threshold. This strategy effectively 
suppresses QR-patterns and significantly improves optimiza-
tion efficiency.

The self-adjusting barrier regularization method fur-
ther enhances stability of the multiresolution framework 
by preventing element distortion and Jacobian inversion 
under large deformation, eliminating the need for artificial 
parameters such as a minimum stiffness. Together, these 
features enable stable nonlinear analyses and improve 
optimization convergence, as demonstrated through bench-
mark and engineering-oriented numerical examples. The 

NURBS-based representation not only ensures geometric 
fidelity but also facilitates direct CAD export, bridging 
the gap between topology optimization and downstream 
manufacturing.

Overall, the proposed framework provides a stable and 
efficient solution approach for nonlinear topology optimi-
zation, particularly in applications involving large defor-
mations and high geometric complexity. Although the core 
methodology is mathematically extensible to 3D contin-
uum structures, specific challenges are anticipated. Firstly, 
regarding the self-adjusting barrier, the stabilization of 
complex 3D volumetric distortion modes (e.g., twisting 
or shear locking) may require re-calibration of the barrier 
parameters to balance regularization and physical accu-
racy. Secondly, the adaptive regulation of the filter radius 
becomes more sensitive in 3D; an improper adaptation 
law during mesh switching could exacerbate the resolu-
tion mismatch, potentially leading to topological discon-
nectivity or isolated material voids in the third dimension. 
Future work will focus on addressing these challenges and 
exploring more general physical scenarios, including non-
linear shell structures, contact problems, and multiphysics 
coupling, thereby broadening its applicability in advanced 
engineering design.
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